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Abstract
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1 Introduction

In the past decade, the advancement of fixed point theorems has progressed rapidly, particu-
larly the advancement of the Banach Contraction Principle(BCP for short), which provides a fixed
point theorem for contraction mappings in metric spaces [4]. LetM be an arbitrary nonempty set
and an element u ∈ M is said to be a fixed point(briefly FP) of self-mapping Γ onM if Γu = u [1].
The generalization of metric space is one of the main factors supporting the development of fixed
point theory. Numerous generalizations of metric spaces have been introduced over the years.
Among the most notable are the b−metric space, introduced Czerwik [12], the cone metric space
developed by Long-Guang and Xian [22] and themodular metric space introduced by Chistyakov
[9].

Building upon the b−metric space framework, several further extensions have emerged, in-
cluding the vector-valued b−metric space, introduced by Boriceanu in 2009 [5]; the b−fuzzy met-
ric space [31], the partial b−metric space [33] and the modular b−metric space (briefly MbMS)
[13]. In the setting of cone metric spaces, Shaddad et al. [32] established several FP results for
multivalued mappings. Within the framework of partial b−metric spaces, Anwar et al. [3] devel-
oped FP theorems for contraction and almost contraction mappings were established. Addition-
ally, Nazam et al. [25] presented common FP theorems for the mappings in the same space. In the
setting of b−fuzzy metric spaces, Saleem et al. [30] introduced approximate FP results for gen-
eralized type fuzzy contractive mappings. More recently, further advancements in vector-valued
b−metric spaces were discussed by Nazam et al. [26], who proposed generalized F -contraction
mappings with corresponding FP theorems.

Another factor contributing to the development of fixed point theory is the emergence of vari-
ous generalizations of contraction mappings. In 1969, Kannan [21] introduced a notable general-
ization of contraction mappings in metric spaces by removing the requirement of continuity and
established a FP theorem that extends the BCP. This theorem later became known as the Kannan
FP theorem. More recently, Mudhesh et al. [23] developed FP theorems for integral Khan-type
multivalued (ψ,φ)−contractions in complete metric spaces. In the broader context of b−metric
spaces, Ali et al. [2] proposed generalized FP theorems via nonlinear θb−contractions. Addition-
ally, based on the work of Kannan [21], Haokip and Goswami [17] presented FP theorems for
generalized Kannan-type(briefly K–t) mappings with subadditive altering distance functions in
b−metric spaces. In the setting of MbMS, Ozturk et al. [27] characterized a new class of simula-
tion functions and derived corresponding common FP theorems. Furthermore, in the framework
of generalized MbMS, Hayati et al. [18] introduced a FP theorem for (ψ,φ)Ω−contraction map-
ping in the extended MbMS, meanwhile Tyagi et al. [36] introduced the concept of F -modular
b−metric spaces and established generalizations of several well-known FP theorems, including
the BCP and the Kannan FP theorems.

In addition to the development of fixed point theorems, various applications of these theorems
have also been explored, one of which is presented in [20], where a FP theorem is applied to an
optimization problem in the setting of b−metric spaces. Despite the advancements, several FP the-
orems for K–t mappings have not yet been presented, particularly those using subadditive altering
distance function in MbMS. Therefore, in this work, we study about FP theorems for generalized
K–t mappings in MbMS.
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2 Related Works

Kannan [21] established the following FP theorems.
Theorem 2.1. Let (M, ϱ) be an arbitrary complete metric space and let Γ be a self-mapping on M such

that there exists p ∈
[
0,

1

2

)
satisfying,

ϱ(Γu,Γv) ≤ p[ϱ(u,Γu) + ϱ(v,Γv)], for all u, v ∈ M. (1)
Then, Γ has a unique FP inM.

In 1993, Czerwik [12] introduced a generalization of metric spaces, called b−metric spaces, which
are defined as follows.
Definition 2.1. LetM be an arbitrary nonempty set. A function ϱ : M×M → [0,∞) is called a b−metric
space if there exists s ≥ 1 such that the following axioms hold for all u, v, w ∈ M:

(M1) ϱ(u, v) = 0 ⇔ u = v.
(M2) ϱ(u, v) = ϱ(u, v).
(M3) ϱ(u, v) ≤ s[ϱ(u,w) + ϱ(w, v)].

A pair (M, ϱ) is called a b−metric space. It is clear that every metric space is a b−metric space with
s = 1.

Based on FP theorems for K–t mappings in metric spaces introduced by Górnicki [16], Haokip
and Goswami extended these results to b−metric spaces by employing subadditive altering dis-
tance functions. Faraji and Nourozi [14] provided the definition of altering distance functions,
while Haokip and Goswami [17] introduced the concept of subadditive altering distance func-
tions.
Definition 2.2. A function ℧ : [0,∞) → [0,∞) is called subadditive altering distance function if it
satisfies the following conditions:

(i) ℧ is continuous.
(ii) ℧ is strictly increasing.
(iii) ℧(t) = 0 ⇔ t = 0.
(iv) ℧(s+ t) ≤ ℧(s) + ℧(t) for all s, t ∈ [0,∞).

In 1999, Corazza [11] established a property of subadditive functions, which is stated as follows;
Proposition 2.1. If a function ℧ : [0,∞) → [0,∞) is subadditive, then for all t ∈ [0,∞) and n ∈ N, the
following condition holds,

℧(nt) ≤ n ℧(t). (2)

In 1959, Musielak and Orlicz [24] introduced a functional called amodular, defined on a linear
space. Later, Chistyakov [9] introduced the concept of a modular metric space, which generalizes
metric spaces in the context of modular spaces. According to these developments, Ege and Alaca
[13] proposed a further generalization in 2018, introducing the concept of aMbMS, which extends
both b−metric spaces and modular metric spaces.
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Definition 2.3. LetM be an arbitrary nonempty set and s ≥ 1. A function ℘ : (0,∞)×M×M → [0,∞]
is called a modular b−metric(MbM for short) if the following axioms hold for all u, v, w ∈ M:

(B1) ℘λ(u, v) = 0 for all λ > 0 ⇔ u = v.
(B2) ℘λ(u, v) = ℘λ(v, u) for all λ > 0.
(B3) ℘λ+µ(u, v) ≤ s[℘λ(u,w) + ℘µ(w, v)] for all λ, µ > 0.

The pair (M, ℘) is called a modular b−metric space(briefly MbMS). If Axiom (B1 ) is replaced
with the following condition,

℘λ(u, u) = 0, for all u ∈ M,

then, ℘ is called a pseudomodular b−metric onM. It is clear that everyMbM℘ is a pseudomodular
b−metric. Furthermore, if ℘ is a pseudomodular b−metric, then for all 0 < µ < λ and u, v ∈ M,
we have

℘λ(u, v) = ℘λ−µ+µ(u, v) ≤ s[℘λ−µ(u, u) + ℘µ(u, v)] = s℘µ(u, v). (3)

In addition to defining MbMS, Ege and Alaca [13] also introduced a definition of a binary
relation onM. However, in this paper, we provide an alternative definition of a binary relation on
M based on the work in [10].

Definition 2.4. Let (M, ℘) be an arbitrary MbMS. The binary relation ℘∼ on u, v ∈ M is defined by,

u
℘∼ v ⇔ ℘λ(u, v) <∞, for some λ > 0.

For a fixed u0 ∈ M, the modular set is defined as,

M∗
℘ = M∗

℘(u
0) = {u ∈ M : ∃λ = λ(u) > 0, such that ℘λ(u, u0) <∞}.

Furthermore, we define the set,

M℘ = M℘(u
0) = {u ∈ M : ℘λ(u, u

0) → 0, as λ→ ∞}.

It is easy to show that the binary relation ℘∼ is an equivalence relation dan M℘ ⊆ M∗
℘. More

over,M∗
℘, when equipped with ℘, forms a MbMS. In summary,M∗

℘ is referred to as a MbMS.

Some properties of subadditive functions are used to prove the FP theorem. The following
property of subadditive functions is derived from [17, 19].
Proposition 2.2. Let M∗

℘ be a MbMS and let λ > 0. If ℧ is subadditive, then for all p ∈ [0, 1) and
u, v ∈ M∗

℘,

℧(℘λ(u, v)) ≤ p ℧(℘λ(a, b)), (4)

for some a, b ∈ M∗
℘ implies that,

℘λ(u, v) ≤ p′℘λ(a, b), (5)

for some p′ ∈ [0, 1).
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3 Materials and Methods

The research method used in this paper is a literature study. It begins with a study of Kannan
FP theorems in metric spaces, followed by an exploration of b−metric spaces and the FP theorems
for K–t mappings. The study then progresses to modular b−metric spaces and converges to the
development of a FP theorem for generalized K–t mappings in MbMS.

We introduce several definitions related to sequences in MbMS. These definitions are devel-
oped by extending the concepts of closed sets, convergent sequences, Cauchy sequences, and com-
plete spaces inmodularmetric spaces as presented in [9, 28]. Additionally, we adopt the definition
of continuous functions from [7], extend the definition of bounded sets in modular metric spaces
from [34], and expand upon the concept of boundedly compact sets in b−metric spaces from [17].
Based on these foundations, we present the following definitions;
Definition 3.1. LetM∗

℘ be a MbMS,

1. A sequence {un} ⊂ M∗
℘ is said to be ℘−convergent to u ∈ M∗

℘, if there exists λ > 0, such that
℘λ(un, u) → 0 as n→ ∞.

2. A sequence {un} ⊂ M∗
℘ is called a ℘−Cauchy sequence(briefly ℘−CS), if there exists λ > 0, such

that ℘λ(un, um) → 0 asm,n→ ∞.

3. The MbMSM∗
℘ is said to be ℘−complete, if every ℘−CS inM∗

℘ is ℘−convergent. That is, if {un} ⊂
M∗
℘ and there exists λ > 0, such that ℘λ(un, um) → 0 as n → ∞, then, there exists u ∈ M∗

℘, such
that ℘λ(un, u) → 0 as n→ ∞.

4. A function Γ : M∗
℘ → M∗

℘ is said to be ℘−continuous if for every sequence {un} ⊂ M∗
℘ that

℘−convergent to u ∈ M∗
℘, the sequence {Γun} ℘−convergent to Γu. That is, if there exists λ > 0,

such that ℘λ(un, u) → 0 as n→ ∞, then, ℘λ(Γun,Γu) → 0 as n→ ∞.

5. A set C ⊂ M∗
℘ is said to be ℘−closed if every sequence {un} ⊂ C that is ℘−convergent to u ∈ M∗

℘

satisfies u ∈ C.

6. A set C ⊂ M∗
℘ is ℘−bounded if there exist λ > 0 and ϵ > 0, such that ℘λ(u, v) ≤ ϵ for all u, v ∈ C.

7. TheMbMSM∗
℘ is called℘−boundedly compact if every℘−bounded sequence inM∗

℘ has a℘−convergent
subsequence, i.e. if {un} ⊂ M∗

℘ satisfies that there exist λ > 0 and ϵ > 0, such that ℘λ(un, um) ≤ ϵ
for all n,m ∈ N, then, there exists a subsequence {unk

} and a u ∈ M∗
℘, such that ℘λ(un, u) → 0 as

n→ ∞.

The conditions for defining convergent and Cauchy sequences presented in this paper are less
restrictive than those outlined in [13]. As a result, some properties discussed in [13] do not always
hold. By adopting these more lenient conditions, we aim to establish a broader framework that
can encompass a wider variety of sequences. This approach may lead to new insights and results
in the study of convergent and Cauchy sequences, allowing for a more flexible analysis of their
properties.

In metric spaces, every convergent sequence is also a Cauchy sequence. However, in MbMS,
this statement does not always hold. Chistyakov [10] provided a condition, known as the∆2−con-
dition, under which the statement holds in MbMS. In this paper, we develop a more general ver-
sion of the∆2−condition, introduced by Turkoglu andManav [35], which extends the∆2−condit-
ion presented by Chistyakov [10].
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Definition 3.2. A MbM ℘ on a nonempty set M∗
℘ is said to satisfy ∆2−condition, if for some λ > 0,

℘λ(un, u) → 0 as n→ ∞ implies that ℘λ(un, u) → 0 as n→ ∞ for all λ > 0.

Using the ∆2−condition, we establish the following property that describes the connection
between convergent and Cauchy sequences.
Proposition 3.1. Let ℘ be a MbM on nonempty setM∗

℘ satisfying the∆2−condition and let C be a subset
ofM∗

℘. Then the following properties hold:

1. If {un} ⊂ C is ℘−convergent, then {un} is a ℘−CS in C.

2. If {un} ⊂ C is ℘−converges to u ∈ M∗
℘, then for all λ > 0, ℘λ(un, u) → 0 as n→ ∞.

3. If {un} ⊂ C is a ℘−CS, then for all λ > 0, ℘λ(un, um) → 0 as n,m→ ∞.

Proof. This proposition can be easily proven.

Next, we present a property related to closed set in MbMS.
Proposition 3.2. LetM∗

℘ be a℘−completeMbMS, where℘ satisfies the∆2−condition. A subsetC ⊆ M∗
℘

is ℘−closed if and only if C is ℘−complete.

Proof. First, suppose C is ℘−closed. We will show that C is ℘−complete. Let {un} ⊂ C be an
arbitrary ℘−CS. Since {un} is also ℘−CS in M∗

℘ and M∗
℘ is ℘−complete, there exists u ∈ M∗

℘ and
λ > 0 such that,

℘λ(un, u) → 0, as n→ ∞.

Because C is ℘−closed, it follows that u ∈ C. Thus, every ℘−CS in C converges to a point in C,
proving that C is ℘−complete. Conversely, if C is ℘−complete, we will show that C is ℘−closed.
Suppose C is not ℘−closed. Then there exists a sequence {un} ⊂ C that ℘−converges to a point
u ∈ M∗

℘, where u /∈ C. Thus, there exists λ0 > 0 such that,

℘λ0(un, u) → 0, as n→ ∞.

Since ℘ satisfies the ∆2−condition, then {un} is a ℘−CS in C. By the completeness of C, there
exists w ∈ C and λ1 > 0 such that,

℘λ1
(un, w) → 0, as n→ ∞.

Again, because ℘ satisfies ∆2−condition, then for all λ > 0, we have

℘λ(un, w) → 0 and ℘λ(un, u) → 0, as n→ ∞.

Moreover, it is clear that,

℘λ
2
(un, w) → 0 and ℘λ

2
(un, u) → 0, as n→ ∞.

Using the triangle inequality for all λ > 0, we have

℘λ(u, v) ≤ s
[
℘λ

2
(u, un) + ℘λ

2
(un, w)

]
.

As a result, it follows that ℘λ(u, v) → 0, implying u = w. However, since v ∈ C and u = w, this
implies u ∈ C, which contradicts the assumption that u /∈ C. Hence, C must be ℘−closed.
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In 2021, Chaira et al. [8] introduced a ∆2−type condition in modular metric spaces that is
stronger than the ∆2−condition [10]. Thus, we give a new type ∆2−condition in below;
Definition 3.3. AMbM ℘ is said to satisfy the∆2−type condition if for every α > 0, there existsKα > 0,
such that,

℘ λ
α
(u, v) ≤ Kα℘λ(u, v).

It is easy to show that if℘ satisfies the∆2−type condition, then℘ also satisfies the∆2−condition.
Next, we present a property of subsets of the ℘−bounded spaceM∗

℘ under the assumption that ℘
satisfies the ∆2−type condition.
Proposition 3.3. Let M∗

℘ be a ℘−bounded MbMS where ℘ satisfies the ∆2−type condition and let C ⊂
M∗
℘. If C is ℘−bounded, then for all λ > 0, there existsKλ > 0 such that,

℘λ(u, v) ≤ Kλ, for all u, v ∈ M∗
℘. (6)

Proof. Let λ > 0 be arbitrary. Since C is ℘−bounded, there exist λ0 > 0 and ϵ0 > 0 such that,

℘λ0
(u, v) ≤ ϵ0, for all u, v ∈ C.

Given that ℘ satisfies the ∆2−type condition for α =
λ0
λ
> 0, there existsKα > 0 such that,

℘λ(u, v) = ℘λ0
α
(u, v) ≤ Kα℘λ0(u, v) ≤ Kαϵ0.

Thus, by takingKλ = Kαϵ0, we conclude that for arbitrary λ > 0, there existsKλ > 0 such that,

℘λ(u, v) ≤ Kλ, for all u, v ∈ C.

It is clear that the set {Kλ|λ > 0}, where Kλ satisfies Inequality (6), is not always bounded.
However, in the following theorems, we require the boundedness of the set. That is,

sup{Kλ|λ > 0} <∞,

or equivalently, there existsK > 0 such that,

Kλ ≤ K, for all λ > 0. (7)

4 Results

In this paper, we present two types of theorems, specifically those that do not use a subadditive
altering distance function, and those that do.
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4.1 Some theorem without subadditive altering distance function

In 2017, Górnicki [16] presented a FP theorem for K–t mappings in metric spaces. In the proof
of this theorem, Górnicki introduced a lemma. Based on this, we give a similar lemma in the
context of MbMS.
Lemma 4.1. Let M∗

℘ be a MbMS such that ℘ satisfies the ∆2−type condition. Let C be a nonempty,

℘−closed and ℘−bounded subset of M∗
℘ and Γ : C → C be a mapping such that there exists k ∈

[
0,

1

s2

)
and λ > 0 satisfying,

℘λ(Γu,Γv) ≤ k [℘λ(u,Γu) + ℘λ(v,Γv)] , for all u, v ∈ M∗
℘. (8)

Assume there exist a, b ∈ R such that a ∈ [0, 1) and b ∈ (0,∞), and the set {Kλ|λ > 0}, where Kλ

satisfies Inequality (6), is bounded. Furthermore, for each u ∈ C, there exists w ∈ C such that,

℘λ(w,Γw) ≤ a ℘λ(u,Γu) and ℘λ(w, u) ≤ b ℘λ(u,Γu).

Then, Γ has at least one FP.

Proof. Let u0 be an arbitrary element of C. By the given assumption, there exists u1 ∈ C such that,

℘λ(u1,Γu1) ≤ a℘λ(u0,Γu0) and ℘λ(u1, u0) ≤ b℘λ(u0,Γu0).

Since u1 ∈ C, there exists u2 ∈ C such that,

℘λ(u2,Γu2) ≤ a℘λ(u1,Γu1) and ℘λ(u2, u1) ≤ b℘λ(u1,Γu1).

Again, since u2 ∈ C, there exists u3 ∈ C such that,

℘λ(u3,Γu3) ≤ a℘λ(u2,Γu2) and ℘λ(u3, u2) ≤ b℘λ(u2,Γu2).

If this process continues, we obtain a sequence {un} ⊂ C such that,

℘λ(Γun+1, un+1) ≤ a ℘λ(Γun, un) and ℘λ(un+1, un) ≤ b ℘λ(Γun, un), for all n ∈ N ∪ {0}.

Thus, it follows that,

℘λ(Γun, un) ≤ an℘λ(Γu0, u0), for all n ∈ N ∪ {0}, (9)

and therefore,

℘λ(un+1, un) ≤ b an℘λ(Γu0, u0), for all n ∈ N ∪ {0}.

Since a ∈ [0, 1), it follows that an → 0 as n→ ∞, hence,

℘λ(un+1, un) → 0, as n→ ∞. (10)

Now, letm,n ∈ N be two arbitrary integerswith k = m−n. We proceed bymathematical induction
to show that for all k ∈ Nwith k = m− n, we have

℘λ(um, un) = ℘λ(un+k, un) → 0,

as n,m → ∞. For the base case k = 1, it follows that ℘λ(um, un) = ℘λ(un+1, un). Based on
Inequality (10), we have

℘λ(um, un) = ℘λ(un+1, un) → 0, as n→ ∞.
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Thus, the statement holds for k = 1. Next, assume that the statement holds for k = l, i.e.,

℘λ(um, un) = ℘λ(un+l, un) → 0 as n→ ∞. (11)

We now prove that the statement holds for k = l + 1. For all n,m ∈ N, we have

℘λ(um, un) = ℘λ(un+(l+1), un) ≤ s
[
℘λ

2
(u(n+l)+1, un+1) + ℘λ

2
(un+l, un)

]
.

Since ℘ satisfies the ∆2−type condition, it follows that ℘ also satisfies the ∆2−condition. By the
induction hypothesis (11) and the result from (10), we have

℘λ
2
(un+l, un) → 0 and ℘λ

2
(u(n+l)+1, un+l) → 0, as n→ ∞.

Therefore, we obtain

℘λ(um, un) ≤ s
[
℘λ

2
(u(n+l)+1, un+1) + ℘λ

2
(un+l, un)

]
→ 0, as n→ ∞.

Thus, {un} is ℘−CS in C. Finally, since C is ℘−closed andM∗
℘ is ℘−complete, by Proposition 3.2,

C is ℘−complete. Consequently, there exists w ∈ C such that,

℘λ(un, w) → 0 as n→ ∞.

Using Inequality (8), we obtain

℘λ(Γw,w) ≤ s
[
℘λ

2
(Γw, un) + ℘λ

2
(un, w)

]
⇔ ℘λ(Γw,w) ≤ s2℘λ

4
(Γw,Γun) + s2℘λ

4
(Γun, un) + s℘λ

2
(un, w)

⇔ ℘λ(Γw,w) ≤ s2k
[
℘λ

4
(w,Γw) + ℘λ

4
(un,Γun)

]
+ s2℘λ

4
(Γun, un) + s℘λ

2
(un, w)

⇔ ℘λ(Γw,w) ≤ s2k℘λ
4
(w,Γw) + s2kan℘λ

4
(u0,Γu0) + s2an℘λ

4
(Γu0, u0)

+ s℘λ
2
(un, w)

⇔ ℘λ(w,Γw)− s2k℘λ
4
(w,Γw) ≤ s2kan℘λ

4
(u0,Γu0) + s2an℘λ

4
(Γu0, u0) + s℘λ

2
(un, w).

As n→ ∞, the right-hand side converges to 0, yielding the following inequality,

℘λ(w,Γw) ≤ s2k℘λ
4
(w,Γw). (12)

Iterating this inequality, we get

℘λ(w,Γw) ≤ s2k℘λ
4
(w,Γw)

≤ (s2k)2℘ λ
42
(w,Γw)

≤ (s2k)3℘ λ
43
(w,Γw)

...
≤ (s2k)n℘ λ

4n
(w,Γw).

Using Proposition 3.3 for λ

4n
> 0, there existsKn > 0 such that,

℘ λ
4n

(w,Γw) ≤ Kn.
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Note that the set {Kn|n ∈ N} ⊆ {Kλ|λ > 0} and the set {Kλ|λ > 0} is bounded. Hence, there
existsK > 0 such that,

Kn ≤ K, for all n ∈ N.

Since k < 1

s2
, we have s2k < 1, so (s2k) → 0 as n→ ∞. Therefore,

℘λ(w,Γw) ≤ (s2k)n℘ λ
4n

(w,Γw) ≤ (s2k)nK → 0, as n→ ∞. (13)

Now, let vn = Γw for all n ∈ N, we have ℘λ(vn, w) → 0 as n → ∞. Since ℘ satisfies the
∆2−type condition, which implies that℘ satisfies the∆2−condition, we conclude that for allλ > 0,
℘λ(vn, w) → 0 as n→ ∞. Thus, we obtain

℘λ(w,Γw) = 0 for all λ > 0, (14)

which implies Γw = w. Therefore, Γ has at least one FP.

In [13], a FP theorem for Kannan mapping in MbMS is presented under the condition that
the constant s ≥ 1 satisfies the MbMS properties and that k satisfies the conditions for Kannan
mappings, with the additional requirement that sk ≤ 1

2
. Furthermore, it is assumed that there

exists u ∈ M∗
℘ with ℘λ(u,Γu) <∞. It is important to note that the definitions of convergence and

Cauchy sequences in may differ from those in other metric spaces. To address this, we present
a similar theorem that applies the ∆2−type condition, which is particularly suited to the MbMS
framework.
Theorem 4.1. Let M∗

℘ be a ℘−bounded and ℘−complete MbMS such that ℘ satisfies the ∆2−type con-

dition. Suppose T : M∗
℘ → M∗

℘ is a mapping satisfying the condition in (8), with k ∈
[
0,

1

s2

)
and

λ > 0. Further, assume that the set {Kλ|λ > 0}, where Kλ satisfies Inequality (6), is bounded. Then, Γ
has a unique FP v ∈ M∗

℘ for all u ∈ M∗
℘, the sequence {Γnu} ℘−convergent to v. Furthermore, for all

n ∈ N ∪ {0}, we have

℘λ(Γ
n+1u, v) ≤ k

(
k

1− k

)n
℘λ(u,Γu).

Proof. Let u be an arbitrary element ofM∗
℘. Define w = Γu, then we have

℘λ(w,Γw) = ℘λ(Γu,Γw) ≤ k [℘λ(u,Γu) + ℘λ(w,Γw)] .

Thus, it follows that,

℘λ(w,Γw) ≤
k

1− k
℘λ(u,Γu). (15)

Since k ∈
[
0,

1

s2

)
, it follows that k

1− k
∈ [0, 1). Next, let u0 ∈ M∗

℘. Define the sequence {un} by
setting un+1 = Γun for all n ∈ N∪{0}. By Proposition 3.1, sinceM∗

℘ is ℘−complete and ℘ satisfies
the∆2−condition, we conclude thatM∗

℘ is ℘−closed. Using Lemma 4.1 and Inequality (15), there
exists a point v ∈ M∗

℘ such that the sequence {un} ℘−converges to v and Γv = v. Next, suppose
there exists z ∈ M∗

℘ such that Γz = z. Then,

0 ≤ ℘λ(z, v) = ℘λ(Γz,Γv) ≤ k[℘λ(z,Γz) + ℘λ(v,Γv)] = 0,
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which implies ℘λ(z, v) = 0. Since ℘ satisfies the ∆2−type condition, and following an argument
analogous to the proof of (14), we conclude that Γv = v. Thus, Γ has a unique FP. Furthermore,
for all u ∈ M∗

℘, we have

℘λ(Γ
n+1u,Γnu) ≤ k

1− k
℘λ(Γ

n−1u,Γnu),

and consequently,

℘λ(Γ
n+1u, v) ≤ k

[
℘λ(Γ

nu,Γn+1u) + ℘λ(v,Γv)
]

≤ k
k

1− k
℘λ(Γ

n−1u,Γnu)

≤ k

(
k

1− k

)n
℘λ(u,Γu), n ∈ N ∪ {0}.

Following [15] and [17], we give the following theorem.
Theorem 4.2. Let M∗

℘ be a MbMS and let Γ : M∗
℘ → M∗

℘ be a mapping such that there exists λ > 0 for
which for all u, v ∈ M∗

℘ with u ̸= v, the following inequality holds,

℘λ(Γu,Γv) <
1

2
{℘λ(u,Γv) + ℘λ(v,Γv)} . (16)

If Γ has a FP, thenM∗
℘ is ℘−complete.

Proof. SupposeM∗
℘ is not℘−complete. Then, there exists a℘−CS {un} ⊂ M∗

℘ that is not℘−convergent.
Without loss of generality(briefly w.l.o.g.), assume that each term in {un} is distinct.

Let A = {un : n ∈ N}. Since {un} is a ℘−CS, for every ε > 0, there exists nε ∈ N such that
℘λ(un, um) < ε for all n,m ∈ Nwith n,m ≥ nε. However, since {un} does not ℘−converge inM∗

℘,
we have ℘λ(u,A) > 0 for all u ∈ M∗

℘−A. Next, let x ∈ M∗
℘. We examine the following two cases:

• If u ∈ M∗
℘−A, then 1

2℘λ(u,A) > 0. Since {un} is a ℘−CS, then there exists nu ∈ N such that
for allm ∈ Nwithm ≥ nu,

℘λ(um, unu
) <

1

2
℘λ(u,A).

Therefore, we obtain

℘λ(um, unu) <
1

2
℘λ(u, un). (17)

• If u ∈ A, then u = un0
for some n0 ∈ N. Since all terms of the sequence {un} are distinct, we

have 1

2
℘λ(un, un0

) > 0 for n ̸= n0. Furthermore, since {un} is a ℘−CS, there exists n′
0 ∈ N

with n′0 > n0 such that for allm ∈ Nwithm ≥ n′
0,

℘λ(um, un′
0
) <

1

2
℘λ(un, un0

). (18)

67



A. Hayati et al. Malaysian J. Math. Sci. 20(1): 57–82(2026) 57 - 82

Based on Inequalities (17) and (18), we define a mapping Γ : M∗
℘ → M∗

℘ by,

Γu =

{
unu , if u ∈ M∗

℘ −A,

un′
0
, if u ∈ A and u = un0 .

First, we show that Γ does not have a FP, i.e. for all u ∈ M∗
℘, ℘λ(u,Γu) > 0. Let u ∈ M∗

℘. Then, we
consider two cases, specifically u ∈ M∗

℘ −A or u ∈ A:

• If u ∈ M∗
℘ − A, then Γu = unu

. From Inequality (17), we obtain that for all m ∈ N with
m ≥ nu,

℘λ(um, unu) <
1

2
℘λ(u, unu

) =
1

2
℘λ(u,Γu).

Therefore,

℘λ(u,Γu) > 2℘λ(um, unu
) ≥ 0.

• If u ∈ A, then u = un0
for some n0 ∈ N, and Γu = un′

0
. By applying Inequality (18), we

obtain

℘λ(um, un′
0
) <

1

2
℘λ(un′

0
, un0

) =
1

2
℘λ(Γu, u).

Thus, it follows that,

℘λ(u,Γu) > 2℘λ(um, un′
0
) ≥ 0.

Thus, we conclude that Γ does not have a FP. Next, we will show that Γ satisfies Inequality
(16). Let u, v ∈ M∗

℘ with u ̸= v,

• If u, v ∈ M∗
℘ − A, then Γu = unu

and Γv = vnv
. W.l.o.g., assume that nv ≥ nu. From

Inequality (17), we obtain

℘λ(Γu,Γv) = ℘λ(unu , vnv ) <
1

2
℘λ(u, unu) =

1

2
℘λ(u,Γu). (19)

• If u, v ∈ A, then u = un0
and v = vm0

for some n0,m0 ∈ N. Therefore, we have Γu = un′
0and Γv = vm′

0
. W.l.o.g., assume thatm′

0 ≥ n′0. By using Inequality (18), we get

℘λ(Γu,Γv) = ℘λ(un′
0
, vm′

0
) <

1

2
℘λ(un′

0
, un0) =

1

2
℘λ(u,Γu). (20)

• If u ∈ M∗
℘ −A and v ∈ A, then v = un0 for some n0 ∈ N, such that Γu = unu and Γv = un′

0
.

If n′
0 ≥ nu, then by using Inequality (17), we obtain

℘λ(Γu,Γv) = ℘λ(un′
0
, unu

) <
1

2
℘λ(u, unu

) =
1

2
℘λ(u,Γu). (21)

If nu > n′0, then by applying Inequality (18), we get

℘λ(unu
, un′

0
) <

1

2
℘λ(un′

0
, un0

) =
1

2
℘λ(v,Γv). (22)

Thus, from Inequalities (19), (20), (21), (22), it follows that Γ satisfies Inequality (16). So, there
is a contradiction. This leads to a contradiction, which implies thatM∗

℘ must be ℘−complete.
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4.2 Some theorems using subadditive altering distance function

Now, we give a theorem based on [16], [17], and [29].
Theorem 4.3. LetM∗

℘ be a ℘−bounded and ℘−complete MbMS such that ℘ satisfies the∆2−type condi-
tion. Suppose that Γ : M∗

℘ → M∗
℘ is a mapping such that there exists λ > 0, a subadditive altering distance

function ℧, and nonnegative numbers p1, p2, p3 with p1 + s(p2 + p3) < 1, such that for all u, v ∈ M∗
℘,

℧(℘λ(Γu,Γv)) ≤ p1℧(℘λ(u,Γu)) + p2℧(℘λ(v,Γv)) + p3℧(℘λ(u, v)). (23)

Further, assume that the set {Kλ|λ > 0}, where Kλ satisfies Inequality (6), is bounded. Then, Γ has a
unique FP z ∈ M∗

℘ such that the sequence {Γnu} ℘−converges to z, and there exists p = p2 + p3
1− p1

∈ [0, 1)

such that,

℘λ(Γ
n+1u,Γnu) ≤ pn℘λ(u,Γu), n ∈ N ∪ {0}.

Proof. Let u ∈ M∗
℘ be an arbitrary element and define the iteration sequence {Γnu}. Based on

Inequality (23), we obtain for all n ∈ N,

℧(℘λ(Γn+1u,Γnu) ≤ p1℧(℘λ(Γnu,Γn+1u)

+ p2℧(℘λ(Γn−1u,Γnu) + p3℧(℘λ(Γnu,Γn−1u)

⇔ (1− p1)℧(℘λ(Γn+1u,Γnu) ≤ (p2 + p3)℧(℘λ(Γn−1u,Γnu).

Thus, it follows that,

℧
(
℘λ(Γ

n+1u,Γnu)
)
≤ p2 + p3

1− p1
℧
(
℘λ(Γ

n−1u,Γnu)
)
. (24)

By taking q = p2 + p3
1− p1

, we know that p ∈ [0, 1) and for all n ∈ N, we obtain

℧(℘λ(Γn+1u,Γnu)) ≤ q ℧
(
℘λ(Γ

n−1u,Γnu)
)
. (25)

Now, applying Proposition 2.2, there exists q′ ∈ [0, 1), such that n ∈ N,

℘λ(Γ
n+1u,Γnu) ≤ q′℘λ(Γ

n−1u,Γnu). (26)

Without loss of generality, assume that q = q′. Therefore, for all n ∈ N ∪ {0}, we have

℘λ(Γ
n+1u,Γnu) ≤ qn℘λ(u,Γu). (27)

Since p ∈ [0, 1), it follows that qn → 0 as n→ ∞, implying,

℘λ(Γ
n+1u,Γnu) → 0, as n→ ∞.

Next, letm,n ∈ N such thatm > n. Ifm = n+ 1, then we have

℘λ(Γ
mu,Γnu) = ℘λ(Γ

n+1u,Γnu) ≤ s℘λ
2
(Γn+1u,Γnu).

Ifm = n+ 2, then,

℘λ(Γ
mu,Γnu) = ℘λ(Γ

n+2u,Γnu)

≤ s℘λ
2
(Γn+2u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu)

≤ s2℘λ
4
(Γn+2u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu).
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Ifm = n+ 3, then,
℘λ(Γ

mu,Γnu) = ℘λ(Γ
n+3u,Γnu)

≤ s℘λ
2
(Γn+3u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu)

≤ s2℘λ
4
(Γn+3u,Γn+2u) + s2℘λ

4
(Γn+2u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu)

≤ s3℘λ
8
(Γn+3u,Γn+2u) + s2℘λ

4
(Γn+2u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu).

If the process continues for allm,n ∈ N such thatm > n, we obtain
℘λ(Γ

mu,Γnu) ≤ sm−n℘ λ

2m−n
(Γmu,Γm−1u) + · · ·+ s2℘λ

4
(Γn+2u,Γn+1u) + s℘λ

2
(Γn+1u,Γnu).

Thus, based on Inequality (27), it follows that,
℘λ(Γ

mu,Γnu) ≤ sm−nqm−1℘ λ

2m−n
(u,Γu) + · · ·+ s2qn+1℘λ

4
(u,Γu) + sqn℘λ

2
(u,Γu).

Furthermore, since λ

2m
<

λ

2m−n < · · · < λ

4
<
λ

2
, using (3), we get

℘λ(Γ
mu,Γnu) ≤ sm−n+1qm−1℘ λ

2m
(u,Γu) + · · ·+ s3qn+1℘ λ

2m
(u,Γu) + s2qn℘ λ

2m
(u,Γu)

≤ sqn−1℘ λ
2m

(u,Γu)
(
sq + (sq)2 + · · ·+ (sq)m

)
≤ sqn−1℘ λ

2m
(u,Γu)

(
sq + (sq)2 + · · ·

)
.

Note that 0 ≤ sq < 1, so it follows that,

℘λ(Γ
mu,Γnu) ≤ s2qn

1− sq
℘ λ

2m
(u,Γu).

By an argument analogous to the proof of (13), there existsK > 0 such that,

℘ λ
2m

(u,Γu) ≤ s2qnK

1− sq
, for all n ∈ N.

As a result, we conclude that,
℘λ(Γ

mu,Γnu) → 0, asm,n→ ∞.

Thus, the sequence {Γnu} is a ℘−CS in M∗
℘. Since M∗

℘ is ℘−complete, there exists z ∈ M∗
℘ such

that ℘λ(Γnu, z) → 0 as n→ ∞. To show that z is a FP, we need to show ℧(℘λ(Γn+1u,Γz)) → 0 as
n→ ∞. Based on Inequality (23), we obtain
℧(℘λ(Γn+1u,Γz)) ≤ p1℧(℘λ(Γnu,Γn+1u)) + p2℧ (℘λ(z,Γz)) + p3℧(℘λ(Γnu, z))

≤ p1℧(℘λ(Γnu,Γn+1u)) + p2℧
(
s
[
℘λ

2
z,Γn+1u) + ℘λ

2
(Γn+1u,Γz)

])
+ p3℧(℘λ(Γnu, z))

≤ p1℧(℘λ(Γnu,Γn+1u)) + sp2℧
(
℘λ

2
(z,Γn+1u)

)
+ sp2℧

(
℘λ

2
(Γn+1u,Γz)

)
+ p3℧(℘λ(Γnu, z)).

Thus, we have

℧(℘λ(Γn+1u,Γz))− sp2℧
(
℘λ

2
(Γn+1u,Γz)

)
≤ p1℧(℘λ(Γnu,Γn+1u))

+ sp2℧
(
℘λ

2
(z,Γn+1u)

)
+ p3℧(℘λ(Γnu, z)).

(28)
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Since ℧ is an altering distance function and ℘λ(Γnu, z) → 0 as n→ ∞, it follows that,

℧(℘λ(Γnu, z)) → 0, as n→ ∞.

Also, since ℘ satisfies the ∆2−condition and ℘λ(Γnu, z) → 0 as n→ ∞, we conclude that,

℘λ
2
(Γnu, z) → 0, as n→ ∞.

Therefore, we have

℧
(
℘λ

2
(Γnu, z)

)
→ 0, as n→ ∞.

From Inequality (28), we get

℧(℘λ(Γn+1u,Γz))− sp2℧(℘λ
2
(Γn+1u,Γz)) ≤ p1℧(℘λ(Γnu,Γn+1u)) + sp2℧

(
℘λ

2
(z,Γn+1u)

)
+ p3℧(℘λ(Γnu, z)) → 0, as n→ ∞.

Hence, it follows that,

℧(℘λ(Γnu,Γz)) ≤ sp2℧
(
℘λ

2
(Γn+1u,Γz)

)
.

Using this, we obtain

℧ (℘λ(Γ
nu,Γz)) ≤ sp2℧

(
℘λ

2
(Γn+1u,Γz)

)
≤ (sp2)

2℧
(
℘ λ

22
(Γn+1u,Γz)

)
≤ (sp2)

3℧
(
℘ λ

23
(Γn+1u,Γz)

)
...
≤ (sp2)

n℧
(
℘ λ

2n
(Γn+1u,Γz)

)
.

Again, by an argument analogous to the proof of (13), there existsK > 0 such that,

℧ (℘λ (Γ
nu,Γz)) ≤ (sp2)

n℧
(
℘ λ

2n

(
Γn+1u,Γz

))
≤ (sp2)

nK, for all n ∈ N.

Since sp2 ∈ [0, 1), it follows that,

℧ (℘λ(Γ
nu,Γz)) ≤ (sp2)

nK → 0, as n→ ∞. (29)

Furthermore, since ℘ satisfies the ∆2−condition, we conclude

℧
(
℘λ

2
(Γnu,Γz)

)
→ 0, as n→ ∞.

As a result, we have

℧ (℘λ(z,Γz)) ≤ s℧
(
℘λ

2
(Γn+1u, z)

)
+ s℧

(
℘λ

2
(Γn+1u,Γz)

)
→ 0, as n→ ∞.

Thus, ℧(℘λ(z,Γz)) = 0. So, it follows that ℘λ(z,Γz) = 0. Since ℘ satisfies the∆2−condition, then
Γz = z. Next, suppose w, z ∈ M∗

℘ are two different fixed points of Γ . Note that,

℧(℘λ(w, z)) ≤ p1℧(℘λ(w,Γw)) + p2℧(℘λ(z,Γz)) + p3℧(℘λ(w, z)) ≤ p3℧(℘λ(w, z)),

so p3 ≥ 1. This leads to a contradiction. Therefore, it is true that z is a unique FP of Γ .
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Furthermore, we also give the following theorem using subadditive altering distance function.
Theorem 4.4. Let (M, ℘) be a MbMS and Γ : M∗

℘ → M∗
℘ be a mapping such that there exists λ > 0, a

subadditive altering distance function ℧, and p ∈
(
0,

1

s+ 1

)
satisfying

℧(℘λ(Γu,Γv)) ≤ p {℧(℘λ(u,Γu)) + ℧(℘λ(v,Γv)) + ℧(℘λ(u, v))} , (30)

for all u, v ∈ M∗
℘. If Γ has a FP, thenM∗

℘ is ℘−complete.

Proof. The proof is analogous to Theorem 4.2.

Now, we give the following theorem.
Theorem 4.5. LetM∗

℘ be a ℘−bounded MbMS such that ℘ satisfies the∆2−type condition. Assume that
the set {Kλ|λ > 0}, where Kλ satisfies Inequality (6), is bounded. If Γ : M∗

℘ → M∗
℘ is a mapping such

that there exists λ > 0 and p ∈
[
0,

1

s

)
, subadditive altering distance function ℧ such that,

℧(℘λ(Γu,Γv)) ≤ p{℧(℘λ(u,Γu)) + ℧(℘λ(v,Γv))}, (31)

for all u, v ∈ M∗
℘, then Γ has a unique FP z ∈ M∗

℘, for all u ∈ M∗
℘, {Γnu} ℘−convergent to z ∈ M∗

℘ and
for some q = p

1− p
∈ [0, 1),

℘λ(Γ
n+1u, z) ≤ qn℘λ(u,Γu), n ∈ N ∪ {0}.

Proof. Let u be an arbitrary element inM∗
℘. By takingw = Γu and using Inequality (31), we obtain

℧(℘λ(w,Γw)) = ℧(℘λ(Γu,Γw))
⇔ ℧(℘λ(w,Γw)) ≤ p{℧(℘λ(u,Γu)) + ℧(℘λ(w,Γw))}

⇔ (1− p)℧(℘λ(w,Γw)) ≤ p℧(℘λ(u,Γu))

⇔ ℧(℘λ(w,Γw)) ≤
p

1− p
℧(℘λ(w,Γw)).

Since p ∈
[
0,

1

s

)
, we define q = p

1− p
, which implies q ∈ [0, 1). Consequently,

℧(℘λ(w,Γw)) ≤ q ℧(℘λ(w,Γw)). (32)

By applying Proposition 2.2 and noting that Inequality (32) satisfies Inequality (4), it follows that,

℘λ(w,Γw) ≤ q′ ℘λ(w,Γw), for some q′ ∈ (0, 1). (33)

W.l.o.g., we can assume that q′ = q.

Next, let be u0 ∈ M∗
℘ an arbitrary element. Consider the sequence {un} defined by,

un+1 = Γun, n ∈ N ∪ {0}.

We will show that {un} is a ℘−CS. Letm,n ∈ N ∪ {0} such thatm > n. Ifm = n+ 1, then,

℘λ(un, um) = ℘λ(un, un+1) ≤ s℘λ
2
(un, un+1).
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Ifm = n+ 2, then,
℘λ(un, um) = ℘λ(un, un+2)

≤ s
[
℘λ

2
(un, un+1) + ℘λ

2
(un+1, un+2)

]
≤ s

[
℘λ

2
(un, un+1) + s

[
℘λ

4
(un+1, un+1) + ℘λ

4
(un+1, un+2)

]]
= s℘λ

2
(un, un+1) + s2℘ λ

22
(un+1, un+2).

Ifm = n+ 3, then,
℘λ(un, um) = ℘λ(un, un+3)

≤ s
[
℘λ

2
(un, un+1) + ℘λ

2
(un+1, un+3)

]
≤ s

[
℘λ

2
(un, un+1) + s

[
℘λ

4
(un+1, un+2) + ℘λ

4
(un+2, un+3)

]]
≤ s℘λ

2
(un, un+1) + s2℘ λ

22
(un+1, un+2) + s3℘ λ

23
(un+2, un+3).

Continuing this process for allm,n ∈ N ∪ {0} such thatm > n, we have
℘λ(un, um) ≤ s℘λ

2
(un, un+1) + s2℘ λ

22
(un+1, un+2) + · · ·+ sm−n℘ λ

2m−n
(um−1, um). (34)

Using Inequality (31), we have
℧(℘λ(u1, u2)) = ℧(℘λ(Γu0,Γu1))

≤ p [℧(℘λ(u0,Γu0)) + ℧(℘λ(u1,Γu1))] .

By applying the same approach as in Inequality (33), it follows that,
℘λ(u1, u2) ≤ q℘λ(u0,Γu0).

Similarly, we also have
℘λ(u2, u3) ≤ q℘λ(u1, u2),

and by iteration, we obtain
℘λ(u2, u3) ≤ q℘λ(u1, u2) ≤ q2℘λ(u0,Γu0).

Continuing this process for all n ∈ N, we have
℘λ(un, un+1) ≤ qn℘λ(u0,Γu0).

Now, using Inequality (34) for allm,n ∈ N, we have
℘λ(un, um) ≤ s℘λ

2
(un, un+1) + s2℘ λ

22
(un+1, un+2) + · · ·+ sm−n℘ λ

2m−n
(um−1, um)

≤ sqn℘λ
2
(u0,Γu0) + s2qn+1℘ λ

22
(u0,Γu0) + · · ·+ sm−nqm−1℘ λ

2m−n
(u0,Γu0).

Furthermore, since λ

2m
<

λ

2m−n < · · · < λ

22
<

λ

2
for all m,n ∈ N and using Inequality (3), it

follows that,
℘λ(un, um) ≤ sqn℘λ

2
(u0,Γu0) + s2qn+1℘ λ

22
(u0,Γu0) + · · ·+ sm−nqm−1℘ λ

2m−n
(u0,Γu0)

≤ s2qn℘ λ
2m

(u0,Γu0) + s3qn+1℘ λ
2m

(u0,Γu0) + · · ·+ sm−n+1qm−1℘ λ
2m

(u0,Γu0)

≤ qn−2℘ λ
2m

(u0,Γu0)((sq)
2 + (sq)3 + · · ·+ (sq)m−n+1)

≤ qn−2℘ λ
2m

(u0,Γu0)((sq)
2 + (sq)3 + · · · ).
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Since p ∈
[
0,

1

2s

)
, it follows that sq ∈ [0, 1). Therefore, for allm,n ∈ N,

℘λ(un, um) ≤ s2qn

1− sq
℘ λ

2m
(u0,Γu0).

By an argument analogous to the proof of (13), there existsK > 0 such that,

℘λ(un, um) ≤ s2qnK

1− sq
, for allm,n ∈ N.

Finally, since q ∈ [0, 1), it follows that,

℘λ(un, um) → 0, asm,n→ ∞.

Hence, the sequence {un} is a ℘−CS. Using the completeness of M∗
℘, there exists z ∈ M∗

℘, such
that ℘λ(un, z) → 0 as n→ ∞. Consequently, we have

℧(℘λ(un, z)) → 0, as n→ ∞.

It is easy to show that for all n ∈ N,

℘λ(Γz, z) ≤ s℘λ
2
(Γz,Γun) + s2℘λ

4
(Γun, un) + s2℘λ

4
(un, z).

without loss of generality, assume that s a positive integer. Using the properties of subadditive
altering distance functions, we get

℧(℘λ(Γz, z)) ≤ ℧
(
s℘λ

2
(Γz,Γun) + s2℘λ

4
(Γun, un) + s2℘λ

4
(un, z)

)
≤ s℧

(
℘λ

2
(Γz,Γun)

)
+ s2℧

(
℘λ

4
(Γun, un)

)
+ s2℧

(
℘λ

4
(un, z)

)
.

Then, using Inequality (31), we have

℧(℘λ(Γz, z)) ≤ s℧
(
℘λ

2
(Γz,Γun)

)
+ s2℧

(
℘λ

4
(Γun, un)

)
+ s2℧

(
℘λ

4
(un, z)

)
≤ sp

{
℧
(
℘λ

2
(z,Γz)

)
+ ℧

(
℘λ

2
(un,Γun)

)}
+ s2℧

(
℘λ

4
(Γun, un)

)
+ s2℧

(
℘λ

4
(un, z)

)
≤ sp℧

(
℘λ

2
(z,Γz)

)
+ sp℧

(
s℘λ

4
(un,Γun)

)
+ s2℧

(
℘λ

4
(Γun, un)

)
+ s2℧

(
℘λ

4
(un, z)

)
≤ sp℧

(
℘λ

2
(z,Γz)

)
+ s2p℧

(
℘λ

4
(un, un+1)

)
+ s2℧

(
℘λ

4
(un, un+1)

)
+ s2℧

(
℘λ

4
(un, z)

)
.

(35)

Since ℘ satisfies the ∆2−condition and ℘λ(un, z) → 0, ℘λ(um, un) → 0 asm,n→ ∞, we have

℘λ
4
(un, z) → 0 and ℘λ

4
(um, un) → 0, asm,n→ ∞.

Consequently,

℧
(
℘λ

4
(un, z)

)
→ 0 and ℧

(
℘λ

4
(um, un)

)
→ 0, asm,n→ ∞.

From (35), it follows that for n→ ∞,

℧(℘λ(Γz, z))− sp℧
(
℘λ

2
(z,Γz)

)
≤ s2p℧

(
℘λ

4
(un, un+1)

)
+ s2℧

(
℘λ

4
(un, un+1)

)
+ s2℧

(
℘λ

4
(un, z)

)
→ 0.
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Thus,

℧(℘λ(Γz, z)) ≤ sp℧
(
℘λ

2
(z,Γz)

)
.

Using an argument analogous to the proof of (29), there existsK > 0 such that,

℧(℘λ(Γz, z)) ≤ (sp)nK, for all n ∈ N.

Since sp ∈ [0, 1), we have

℧(℘λ(Γz, z)) → 0, as n→ ∞.

This implies ℧(℘λ(Γz, z)) = 0, and therefore ℘λ(Γz, z) = 0. By ∆2−condition, Γz = z. So, z is
a FP of Γ . Now, we show the uniqueness of the FP. Suppose w ∈ M∗

℘ such that Γw = w. Using
Inequality (31),

℧(℘λ(w, z)) = ℧(℘λ(Γw,Γz)) ≤ p {℧(℘λ(w,Γw)) + ℧ (℘λ(z,Γz))} = 0.

Thus, ℘λ(w, z) = 0. By the∆2−condition, then w = z. Hence, z is a unique FP of Γ . Furthermore,
a sequence {Γnu} is defined. Using Inequality (31), we get

℧
(
℘λ

(
Γn+1u,Γnu

))
≤ q ℧

(
℘λ

(
Γn−1u,Γnu

))
, for all n ∈ N.

Based on Proposition 2.2, it follows that,

℘λ
(
Γn+1u,Γnu

)
≤ q ℘λ

(
Γn−1u,Γnu

)
, for all n ∈ N.

Thus, we have

℘λ
(
Γn+1u,Γnu

)
≤ qn ℘λ (u,Γu) , for all n ∈ N.

Since q ∈ [0, 1), we have ℘λ
(
Γn+1u,Γnu

)
→ 0, as n→ ∞. Using Inequality (31) for all n ∈ N,

℧
(
℘λ

(
Γn+1u, z

))
≤ p ℧

(
℘λ

(
Γnu,Γn+1u

))
.

As a result, we have

℧
(
℘λ

(
Γn+1u, z

))
→ 0, as n→ ∞.

Thus, ℘λ
(
Γn+1u, z

)
→ 0 as n→ ∞. In other words, {Γnu} ℘−convergent to z.

Furthermore, we also give the following theorem.
Theorem 4.6. LetM∗

℘ be a MbMS such that ℘ satisfies the∆2−condition. If Γ : M∗
℘ → M∗

℘ satisfies the

condition given in (31) with p ∈
(
0,

1

s

)
, thenM∗

℘ is ℘−complete.

Proof. The proof follows analogousy to that of Theorem 4.2.

The following theorem is based on the results from [17]where theM∗
℘ is assumed℘−boundedly

compact. In this theorem, the parameter p, which satisfies Inequality (31), is independent of the
coefficient s that satisfies Axiom (B3 ) in Definition 2.3. The MbM ℘ is sufficient to satisfy the
∆2−condition, it does not need to satisfy the ∆2−type condition. Thus, the boundedness of the
set {Kλ|λ > 0} in (7) is not required.
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Theorem 4.7. LetM∗
℘ be a ℘−boundedly compact MbMS where ℘ satisfies the ∆2−condition.

If Γ : M∗
℘ → M∗

℘ is a ℘−continuous mapping satisfying (31) with p ∈
[
0,

1

2

)
, then Γ has a unique FP

w ∈ M∗
℘. Moreover, for any u0 ∈ M∗

℘, the sequence {Γnu0} ℘−converges to w.

Proof. Let u0 be an element ofM∗
℘ and define a sequence {un} by,

un = Γnu0, for all n ∈ N.

For any n ∈ N, let µn = ℘λ (un, un+1). Assume µn > 0 for all n ∈ N. From (31), we have

(1− p)℧ (µn) < p℧ (µn−1) , for all n ∈ N.

Since p ∈
[
0,

1

2

)
, it follows that p < 1− p, which implies,

p℧ (µn) < p℧ (µn−1) , for all n ∈ N.

Because ℧ is strictly increasing, it follows that,

µn < µn−1, for all n ∈ N.

Thus, {µn} is a decreasing sequence of positive numbers. Therefore, there exists a limit µ > 0 such
that,

lim
n→∞

µn = µ.

Next, note that for all n,m ∈ Nwithm > n, we have

℧ (℘λ (um, un)) ≤ p
{
℧
(
℘λ

(
Γm−1u0,Γ

mu0
))

+ ℧
(
℘λ

(
Γn−1u0,Γ

nu0
))}

= p {℧ (λm−1) + ℧ (λn−1)} .

By the continuity of ℧, as n,m→ ∞, it follows that,

℧ (℘λ (um, un)) ≤ p{℧ (µ) + ℧ (µ)} = 2p℧ (µ) .

Since p < 1

2
, we have

℧ (℘λ (um, un)) < ℧ (µ) , for allm,n ∈ N.

Using the strictly increasing property of ℧, this implies,

℘λ (um, un) ≤ µ, for allm,n ∈ N.

In other words, {un} is ℘−bounded sequence. Since M∗
℘ is ℘−boundedly compact, there exists a

subsequence {unk
} that ℘−converges. That is, there exist w ∈ M∗

℘ such that,

℘λ (unk
, w) → 0, as k → ∞.

Using the continuity of Γ , we have

℘λ (Γunk
,Γw) → 0, as k → ∞.
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Since ℘ satisfies the ∆2−condition, it follows that,

℘λ
2
(unk

, w) → 0, and ℘λ
2
(Γunk

,Γw) → 0, as k → ∞.

Consequently, we obtain

℘λ (Γw,w) ≤ s
[
℘λ

2
(Γw,Γunk

) + ℘λ
2
(Γunk

, w)
]

≤ s
[
℘λ

2
(Γw,Γunk

) + ℘λ
2
(unk+1, w)

]
→ 0, as k → ∞.

This implies that ℘λ (Γw,w) = 0. Furthermore, since ℘ satisfies the ∆2−condition, we conclude
that Γw = w. In other words, w is a FP of Γ . By analogy with the proof of the uniqueness of the
FP in Theorem 4.5, it follows that w is the unique FP of Γ .

Garai et al. [15] introduced the concept of Γ−orbitally compact metric spaces and established
a FP theorem for such spaces. Subsequently, Haokip and Goswami [17] extended the definition
of Γ−orbitally compact to b−metric spaces. Based on these ideas, the concept of Γ−orbitally
compactness can be further extended as follows;
Definition 4.1. LetM∗

℘ be a MbMS and let Γ : M∗
℘ → M∗

℘ be a mapping. The orbit of Γ is defined as the
set,

Ou (Γ ) = {u,Γu,Γ 2u, . . .}.

The space M∗
℘ is said to be Γ−orbitally compact if for every u ∈ M∗

℘, each sequence in Ou (Γ ) has a
℘−convergent subsequence.

Now, we give theorems where the MbMS M∗
℘ is Γ−orbitally compact, based on the work in

[17], as follows;
Theorem 4.8. Let M∗

℘ be a Γ−orbitally compact and ℘−bounded MbMS, where ℘ satisfies the ∆2−type
condition. Assume that the set {Kλ|λ > 0}, whereKλ satisfies Inequality (6), is bounded.
If Γ : M∗

℘ → M∗
℘ is a mapping satisfying (31) with p ∈

[
0,

1

2

)
and sp ∈ [0, 1), then Γ has a unique FP

w ∈ M∗
℘. Moreover, for all u ∈ M∗

℘, we have ℘λ (Γnu,w) → 0 as n→ ∞.

Proof. Let u be an element ofM∗
℘. Consider the sequence {un} defined by,

un = Γnu, for all n ∈ N.

Next, let µn = ℘λ (un, un+1). Analogous to the procedure in Theorem 4.7, we get that {µn} is a
decreasing sequence of nonnegative real numbers. Therefore, there exists a limit µ ∈ [0,∞) such
that,

µn → µ, as n→ ∞. (36)

On the other hand, by using the Γ−orbital compactness of M∗
℘, the given sequence {un} has a

subsequence {unk
} that is ℘−convergent. That is, there exists w ∈ M∗

℘ such that,

℘λ (unk
, w) → 0, as k → ∞. (37)

Furthermore, since ℘ satisfies the ∆2−condition, we have

℘λ
2
(unk

, w) → 0, as k → ∞.
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As a result, it follows that,

℘λ (unk
, unk+1) ≤ s[℘λ

2
(unk

, w) + ℘λ
2
(w, unk+1)] → 0, as k → ∞.

Thus, we obtain

µnk
→ 0, as k → ∞. (38)

From (36) and (38), we conclude that µ = 0, which implies,

℘λ (un, un+1) → 0, as n→ ∞. (39)

or equivalently, µn → 0 as n→ ∞. Furthermore, we have

℧ (µn) → 0, as n→ ∞.

Next, using Inequality (31), we obtain

℧ (℘λ (un, um)) ≤ p{℧
(
℘λ

(
Γn−1u,Γnu

))
+ ℧

(
℘λ

(
Γm−1u,Γmu

))
}

= p{℧ (µn−1) + ℧ (µm−1)}.

As a result, using the continuity of ℧ and ℧ (t) = 0 ⇔ t = 0, we have

℧ (℘λ (un, um)) → 0, as n,m→ ∞,

which implies,

℘λ (un, um) → 0, as n,m→ ∞.

Thus, {un} is ℘−CS. Furthermore, it follows that,

℘λ (un, w) ≤ s
[
℘λ

2
(un, unk

) + ℘λ
2
(unk

, w)
]
→ 0, as n→ ∞. (40)

This shows that {un} ℘−converges to w. Note that for all n ∈ N, we have

℘λ (w,Γw) ≤ s
[
℘λ

2
(w, un+1) + ℘λ

2
(un+1,Γw)

]
,

which leads to

℧ (℘λ (w,Γw)) ≤ ℧
(
s[℘λ

2
(w, un+1) + ℘λ

2
(un+1,Γw)]

)
≤ s℧

(
℘λ

2
(w, un+1)

)
+ s℧

(
℘λ

2

(
Γn+1u0,Γw

))
≤ s℧

(
℘λ

2
(w, un+1)

)
+ sp[℧

(
℘λ

2

(
Γnu0,Γ

n+1u0
))

+ ℧
(
℘λ

2
(w,Γw)

)
]

= s℧
(
℘λ

2
(w, un+1)

)
+ sp℧

(
℘λ

2
(un, un+1)

)
+ sp℧

(
℘λ

2
(w,Γw)

)
.

Since ℘ satisfies the ∆2−condition and ℘λ (un, w) → 0, and ℘λ (un, um) → 0 as n,m → ∞, we
have

℘λ
2
(un, w) → 0 and ℘λ

2
(un, um) → 0, as n,m→ ∞.

Furthermore, since ℧ is continuous, it follows that,

℧
(
℘λ

2
(un, w)

)
→ 0 and ℧

(
℘λ

2
(un, um)

)
→ 0, as n,m→ ∞.
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As a result, we obtain
℧ (℘λ (w,Γw))− sp℧

(
℘λ

2
(w,Γw)

)
≤ s℧

(
℘λ

2
(w, un+1)

)
+ sp℧

(
℘λ

2
(un, un+1)

)
→ 0, as n→ ∞,

which implies,

℧ (℘λ (w,Γw)) ≤ sp ℧
(
℘λ

2
(w,Γw)

)
.

Using an argument analogous to the proof of (29), there existsK > 0 such that,

℧ (℘λ (w,Γw)) ≤ (sp)
n℧

(
℘ λ

2n
(w,Γw)

)
≤ (sp)

n
K, for all n ∈ N.

Since sp ∈ [0, 1), this implies,
℧ (℘λ (w,Γw)) → 0, as n→ ∞.

Therefore, we conclude that℧ (℘λ (w,Γw)) = 0. Since℧ (u) = 0 ⇔ u = 0, we have℘λ (w,Γw) = 0.
Based on the ∆2−condition property of ℘, we get Γw = w. Hence, w is a FP of Γ . Finally, by
analogy with the proof of the uniqueness of the FP in Theorem 4.5, we conclude that w is the
unique FP of Γ .

In the previous discussion, Theorem 4.5 does not hold for p ≥ 1

2
. Haokip and Goswami [17]

provided a theorem in b−metric space, where they extended the bound on p by assuming that Γ
is asymptotically regular. The concept of asymptotically regular was introduced by Browder [6].
Now, we define the concept of an asymptotically regular mapping inM∗

℘ as follows.
Definition 4.2. LetM∗

℘ be a MbMS. A mapping Γ : M∗
℘ → M∗

℘ is said to be asymptotically regular if for
all u ∈ M∗

℘,

℘λ
(
Γnu,Γn+1u

)
→ 0, as n→ ∞.

The following theorem is based on the work of Haokip and Goswami [17], where themapping
Γ : M∗

℘ → M∗
℘ is asymptotically regular in a complete and bounded MbMSM∗

℘.
Theorem 4.9. LetM∗

℘ be a ℘−complete and ℘−bounded MbMS such that ℘ satisfies the∆2−type condi-
tion. Assume that the set {Kλ|λ > 0}, where Kλ satisfies Inequality (6), is bounded. If Γ : M∗

℘ → M∗
℘

is an asymptotically regular mapping satisfying (31) with p > 0 and sp ∈ [0, 1), then Γ has a unique FP.

Proof. Let u be an element inM∗
℘. Consider the sequence {un} defined by,

un = Γnu, for all n ∈ N.

Based on Inequality (31), we obtain
℧
(
℘λ

(
Γn+1u,Γm+1u

))
≤ p[℧

(
℘λ

(
Γnu,Γn+1u

))
+ ℧

(
℘λ

(
Γmu,Γm+1u

))
].

Since Γ is asymptotically regular, we have
℧
(
℘λ

(
Γn+1u,Γm+1u

))
→ 0, as n,m→ ∞.

Moreover, since ℧ satisfies conditions (i) and (iii) in Definition 2.2, it follows that,
℘λ

(
Γn+1u,Γm+1u

)
→ 0, as n,m→ ∞.

In other words, {un} is a ℘−CS. By the completeness ofM∗
℘, there exists a pointw ∈ M∗

℘ such that,
℘λ (un, w) → 0, as n→ ∞.

The next step of proving that w is the unique FP of Γ follows analogously from the argument in
Theorem 4.8.
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5 Discussion

In this paper, the definitions of convergent andCauchy sequence differ from those presented in
[13]. Consequently, we require theMbM to satisfy either the∆2−type condition or the∆2−condi-
tion. This distinction aims to provide a deeper understanding of the topology in MbMS, particu-
larly regarding the properties of closed sets in complete MbMS. Moreover, throughout the proof
process, some inequalities can be satisfied using the∆2−type condition. Therefore, we encourage
readers to explore the application of the theorems with this understanding in mind.
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