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Abstract

This paper establishes fixed point theorems for generalized Kannan-type mappings in modular
b—metric spaces by using subadditive altering distance functions. The fixed point theorems
presented in this paper extend the existing results for generalized Kannan-type mappings in
b—metric spaces by adding the A —type condition into the modular b—metric space framework.
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1 Introduction

In the past decade, the advancement of fixed point theorems has progressed rapidly, particu-
larly the advancement of the Banach Contraction Principle(BCP for short), which provides a fixed
point theorem for contraction mappings in metric spaces [4]. Let 9t be an arbitrary nonempty set
and an element u € M is said to be a fixed point(briefly FP) of self-mapping I" on M if I'u = u [1].
The generalization of metric space is one of the main factors supporting the development of fixed
point theory. Numerous generalizations of metric spaces have been introduced over the years.
Among the most notable are the b—metric space, introduced Czerwik [12], the cone metric space
developed by Long-Guang and Xian [22] and the modular metric space introduced by Chistyakov

[9].

Building upon the b—metric space framework, several further extensions have emerged, in-
cluding the vector-valued b—metric space, introduced by Boriceanu in 2009 [5]; the b—fuzzy met-
ric space [31], the partial b—metric space [33] and the modular b—metric space (briefly MbMS)
[13]. In the setting of cone metric spaces, Shaddad et al. [32] established several FP results for
multivalued mappings. Within the framework of partial b—metric spaces, Anwar et al. [3] devel-
oped FP theorems for contraction and almost contraction mappings were established. Addition-
ally, Nazam et al. [25] presented common FP theorems for the mappings in the same space. In the
setting of b—fuzzy metric spaces, Saleem et al. [30] introduced approximate FP results for gen-
eralized type fuzzy contractive mappings. More recently, further advancements in vector-valued
b—metric spaces were discussed by Nazam et al. [26], who proposed generalized F-contraction
mappings with corresponding FP theorems.

Another factor contributing to the development of fixed point theory is the emergence of vari-
ous generalizations of contraction mappings. In 1969, Kannan [21] introduced a notable general-
ization of contraction mappings in metric spaces by removing the requirement of continuity and
established a FP theorem that extends the BCP. This theorem later became known as the Kannan
FP theorem. More recently, Mudhesh et al. [23] developed FP theorems for integral Khan-type
multivalued (v, ) —contractions in complete metric spaces. In the broader context of b—metric
spaces, Ali et al. [2] proposed generalized FP theorems via nonlinear 6, —contractions. Addition-
ally, based on the work of Kannan [21], Haokip and Goswami [17] presented FP theorems for
generalized Kannan-type(briefly K-t) mappings with subadditive altering distance functions in
b—metric spaces. In the setting of MbMS, Ozturk et al. [27] characterized a new class of simula-
tion functions and derived corresponding common FP theorems. Furthermore, in the framework
of generalized MbMS, Hayati et al. [18] introduced a FP theorem for (¢, ¢)q—contraction map-
ping in the extended MbMS, meanwhile Tyagi et al. [36] introduced the concept of F-modular
b—metric spaces and established generalizations of several well-known FP theorems, including
the BCP and the Kannan FP theorems.

In addition to the development of fixed point theorems, various applications of these theorems
have also been explored, one of which is presented in [20], where a FP theorem is applied to an
optimization problem in the setting of b—metric spaces. Despite the advancements, several FP the-
orems for K-t mappings have not yet been presented, particularly those using subadditive altering
distance function in MbMS. Therefore, in this work, we study about FP theorems for generalized
K-t mappings in MbMS.
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2 Related Works

Kannan [21] established the following FP theorems.
Theorem 2.1. Let (I, p) be an arbitrary complete metric space and let I' be a self-mapping on O such
that there exists p € {0, ;) satisfying,

o(I'u, I'v) < plo(u, I'u) + o(v, ['v)],  forall u,v € M. (1)
Then, I has a unique FP in 9.

In 1993, Czerwik [12] introduced a generalization of metric spaces, called b—metric spaces, which
are defined as follows.

Definition 2.1. Let 9 be an arbitrary nonempty set. A function ¢ : 9 x M — [0, co) is called a b—metric
space if there exists s > 1 such that the following axioms hold for all u,v,w € IM:

(M1) o(u,v) =0 u=n.
(M2) o(u,v) = o(u,v).
(M3) o(u,v) < slo(u, w) + o(w,v)].

A pair (9, o) is called a b—metric space. Itis clear that every metric space is a b—metric space with
s=1

Based on FP theorems for K-t mappings in metric spaces introduced by Gérnicki [16], Haokip
and Goswami extended these results to b—metric spaces by employing subadditive altering dis-
tance functions. Faraji and Nourozi [14] provided the definition of altering distance functions,
while Haokip and Goswami [17] introduced the concept of subadditive altering distance func-
tions.

Definition 2.2. A function U : [0,00) — [0,00) is called subadditive altering distance function if it
satisfies the following conditions:

(i) U is continuous.
(if) U is strictly increasing.
(i) B(t)=0<t=0.
(lv) O(s+1t) <UT(s) +0(t) forall s, t € [0, 00).

In 1999, Corazza [11] established a property of subadditive functions, which is stated as follows;

Proposition 2.1. If a function U : [0, 00) — [0, 00) is subadditive, then for all t € [0, 00) and n € N, the
following condition holds,

U(nt) < n U(t). (2)

In 1959, Musielak and Orlicz [24] introduced a functional called a modular, defined on a linear
space. Later, Chistyakov [9] introduced the concept of a modular metric space, which generalizes
metric spaces in the context of modular spaces. According to these developments, Ege and Alaca
[13] proposed a further generalization in 2018, introducing the concept of a MbMS, which extends
both b—metric spaces and modular metric spaces.
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Definition 2.3. Let 90 be an arbitrary nonempty set and s > 1. A function g : (0,00) x M x M — [0, oo
is called a modular b—metric(MbM for short) if the following axioms hold for all u,v,w € M:

(B1) pa(u,v) =0forall A\ >0 < u=wv.
(B2) pa(u,v) = pa(v,u) forall X > 0.
(B3) @asu(u,v) < slpx(u,w) + @, (w,v)] forall A, pu > 0.

The pair (I, p) is called a modular b—metric space(briefly MbMS). If Axiom (B1) is replaced
with the following condition,
pr(u,u) =0, forallu € M,

then, pis called a pseudomodular b—metric on M. Itis clear that every MbM p is a pseudomodular
b—metric. Furthermore, if p is a pseudomodular b—metric, then forall 0 < p < A and u,v € 90,
we have

PA(w, ) = Pa—pu(,0) < slpap(u, uw) + pu(u, v)] = s, (u, v). (3)

In addition to defining MbMS, Ege and Alaca [13] also introduced a definition of a binary
relation on 9. However, in this paper, we provide an alternative definition of a binary relation on
M based on the work in [10].

Definition 2.4. Let (M, ) be an arbitrary MbMS. The binary relation £ on u,v € 9 is defined by,
u® v e pr(u,v) <oo,  forsome\>0.
For a fixed u® € M, the modular set is defined as,
m, = m;(uo) ={ueM:3IN=Au) >0, suchthat py(u,u’) < co}.
Furthermore, we define the set,

M, =M, (u?) = {u€M: p\(u,u’) =0, as A — oo}

It is easy to show that the binary relation < is an equivalence relation dan 90, C M. More
over, M7, when equipped with o, forms a MbMS. In summary, M, is referred to as a MbMS.

Some properties of subadditive functions are used to prove the FP theorem. The following
property of subadditive functions is derived from [17, 19].

Proposition 2.2. Let 9}, be a MbMS and let A > 0. If U is subadditive, then for all p € [0,1) and
u,v € MY
Y @/

U(@A(“?”)) < p U(@A(‘L b))7 (4)

for some a,b € M7, implies that,

p)\(uav) < p/p)\(u’ b)’ (5)

for some p’ € [0,1).
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3 Materials and Methods

The research method used in this paper is a literature study. It begins with a study of Kannan
FP theorems in metric spaces, followed by an exploration of b—metric spaces and the FP theorems
for K-t mappings. The study then progresses to modular b—metric spaces and converges to the
development of a FP theorem for generalized K-t mappings in MbMS.

We introduce several definitions related to sequences in MbMS. These definitions are devel-
oped by extending the concepts of closed sets, convergent sequences, Cauchy sequences, and com-
plete spaces in modular metric spaces as presented in [9, 28]. Additionally, we adopt the definition
of continuous functions from [7], extend the definition of bounded sets in modular metric spaces
from [34], and expand upon the concept of boundedly compact sets in b—metric spaces from [17].
Based on these foundations, we present the following definitions;

Definition 3.1. Let 9)?8*0 be a MbMS,

1. A sequence {u,} C 0, is said to be p—convergent to u € I, if there exists A > 0, such that
o (Up,u) = 04asn — oco.

2. A sequence {un,} C I is called a p—Cauchy sequence(briefly o—CS), if there exists A > 0, such
that p (tn, Um) — 04s m,n — oo.

3. The MbMS 92, is said to be p—complete, if every p—CS in M, is p—convergent. That is, if {u, } C
me, and there exists \ > 0, such that oy (un, um) — 04as n — oo, then, there exists u € me, such
that x(un,u) — 0asn — oo.

4. A function I' : MY, — ING is said to be p—continuous if for every sequence {u,} C My, that
p—convergent to u € M, the sequence {I'uy, } p—convergent to I'u. That is, if there exists A > 0,
such that g (u,,u) — 0asn — oo, then, px(I'uy, 'u) — 0as n — oco.

5. Aset C C I, is said to be p—closed if every sequence {u,} C C that is p—convergent to u € M,
satisfies u € C.

6. Aset C C M is p—bounded if there exist X > 0 and € > 0, such that p(u,v) < € for all u,v € C.

7. The MbMS 9N is called o—boundedly compact if every o—bounded sequence in I, has a p—convergent
subsequence, i.e. if {u, } C I, satisfies that there exist A > 0 and e > 0, such that px(un, uy) < €
forall n,m € N, then, there exists a subsequence {up, } and a u € M, such that px(u,,u) — 0 as
n — oo.

The conditions for defining convergent and Cauchy sequences presented in this paper are less
restrictive than those outlined in [13]. As a result, some properties discussed in [13] do not always
hold. By adopting these more lenient conditions, we aim to establish a broader framework that
can encompass a wider variety of sequences. This approach may lead to new insights and results
in the study of convergent and Cauchy sequences, allowing for a more flexible analysis of their
properties.

In metric spaces, every convergent sequence is also a Cauchy sequence. However, in MbMS,
this statement does not always hold. Chistyakov [10] provided a condition, known as the Ay —con-
dition, under which the statement holds in MbMS. In this paper, we develop a more general ver-
sion of the Ay —condition, introduced by Turkoglu and Manav [35], which extends the Ay —condit-
ion presented by Chistyakov [10].
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Definition 3.2. A MbM ¢ on a nonempty set I, is said to satisfy As—condition, if for some A > 0,
o (un,u) = 0asn — oo implies that py(uy,u) — 0as n — oo forall X > 0.

Using the A;—condition, we establish the following property that describes the connection
between convergent and Cauchy sequences.

Proposition 3.1. Let o be a MbM on nonempty set M, satisfying the Ao —condition and let C be a subset
of M, Then the following properties hold:

1. If {u,} C C is p—convergent, then {u,,} is a p—CS in C.
2. If {un} C C'is p—converges to u € M, then for all X > 0, px(un,u) — 0asn — oo.

3. If {un} C Cisa p—CS, then forall A > 0, px(un, Um) — 04asn,m — oo.
Proof. This proposition can be easily proven. O

Next, we present a property related to closed set in MbMS.

Proposition 3.2. Let M7, be a p—complete MbMS, where g satisfies the Ay —condition. A subset C C M7,
is p—closed if and only if C'is p—complete.

Proof. First, suppose C is p—closed. We will show that C' is p—complete. Let {u,} C C be an
arbitrary p—CS. Since {u,,} is also p—CS in M, and M, is p—complete, there exists u € M, and
A > 0 such that,

or(tn,u) -0, asn — oco.

Because C is p—closed, it follows that u € C. Thus, every p—CS in C converges to a point in C,
proving that C' is p—complete. Conversely, if C is p—complete, we will show that C'is p—closed.
Suppose C is not p—closed. Then there exists a sequence {u,,} C C that p—converges to a point
u e sm;;, where u ¢ C. Thus, there exists Ao > 0 such that,

©Oxo (Un,u) =0,  asn — oo.

Since g satisfies the Ay—condition, then {u,} is a p—CS in C. By the completeness of C, there
exists w € C and A1 > 0 such that,

o, (Up,w) — 0,  asn — oo.
Again, because p satisfies Ay —condition, then for all A > 0, we have
or(tp,w) =0 and  px(un,u) — 0, asn — oo.
Moreover, it is clear that,
p%(un,w)%() and p%(un,u)%O, as n — oo.

Using the triangle inequality for all A > 0, we have

pa(u,v) <s [p%(u,un) + p%(un,w)} )

As a result, it follows that g (u,v) — 0, implying u = w. However, since v € C' and v = w, this
implies u € C, which contradicts the assumption that u ¢ C. Hence, C' must be p—closed. O
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In 2021, Chaira et al. [8] introduced a Ay;—type condition in modular metric spaces that is
stronger than the A;—condition [10]. Thus, we give a new type As—condition in below;

Definition 3.3. A MbM g is said to satisfy the Ao—type condition if for every o > 0, there exists K, > 0,
such that,

(OB (’U,, U) S Ka@/\(% ’U).
Itis easy to show that if p satisfies the A, —type condition, then p also satisfies the A, —condition.

Next, we present a property of subsets of the p—bounded space M}, under the assumption that o
satisfies the A;—type condition.

Proposition 3.3. Let I, be a p—bounded MbMS where o satisfies the Ay —type condition and let C' C
Mz, If C'is p—bounded, then for all A > 0, there exists K > 0 such that,

oa(u,v) < Ky, forall u,v € M, (6)

Proof. Let A > 0 be arbitrary. Since C is p—bounded, there exist Ay > 0 and ¢, > 0 such that,

o (U, v) < €, forall u,v € C.

A
Given that g satisfies the Ay —type condition for o = TO > 0, there exists K, > 0 such that,

oAU, 0) = P2g (u,0) < Kapr (u,0) < Kaco.
Thus, by taking K = K,¢€o, we conclude that for arbitrary A > 0, there exists K > 0 such that,
oa(u,v) < Ky, for all u,v € C.
O

It is clear that the set { K|\ > 0}, where K, satisfies Inequality (6), is not always bounded.

However, in the following theorems, we require the boundedness of the set. That is,
sup{K |\ > 0} < o0,

or equivalently, there exists K > 0 such that,

Ky <K, forall A >0. (7)

4 Results

In this paper, we present two types of theorems, specifically those that do not use a subadditive
altering distance function, and those that do.
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4.1 Some theorem without subadditive altering distance function

In 2017, G6rnicki [16] presented a FP theorem for K-t mappings in metric spaces. In the proof
of this theorem, Gérnicki introduced a lemma. Based on this, we give a similar lemma in the
context of MbMS.

Lemma 4.1. Let M7, be a MbMS such that o satisfies the Ao—type condition. Let C' be a nonempty,

1
p—closed and p—bounded subset of MM, and I' : C' — C be a mapping such that there exists k € [O, 52>
and X\ > 0 satisfying,

ox(lu, I'v) < k[pa(u, I'u) + pa(v, I'v)],  forall u,v € ME. (8)

Assume there exist a,b € R such that a € [0,1) and b € (0,00), and the set {K x|\ > 0}, where K
satisfies Inequality (6), is bounded. Furthermore, for each u € C, there exists wo € C' such that,

pa(to, ') < a py(u, Tu)  and  px(ro,u) <bpx(u, Tu).
Then, I has at least one FP.

Proof. Let ug be an arbitrary element of C. By the given assumption, there exists u; € C such that,
oa(ur, NMuy) < apx(uo, IMug) and  pa(ug,ug) < bpa(ug, IMug).
Since u; € C, there exists uy € C such that,
p(uz, NMug) < apx(ug, IMuq) and  pa(ug,u1) < bpa(ur, INuy).
Again, since ug € C, there exists uz € C such that,
p(us, Nus) < ap(uz, INug) and  pa(us,uz) < bpa(ug, INug).
If this process continues, we obtain a sequence {u, } C C such that,
ox(lMunt1, Unt1) < apr(lun,u,) and  pa(tnt1, un) < b ox(lMup, uy), foralln € NU{0}.
Thus, it follows that,
oA (T, up) < a™pa(Iug,up),  foralln € NU {0}, (9)
and therefore,
ox(Uny1,un) < ba"pa(Tug, o), foralln € NU {0}.
Since a € [0, 1), it follows that a™ — 0 as n — oo, hence,
ox(Unt1, un) — 0, asn — oo. (10)

Now, let m, n € Nbe two arbitrary integers with k = m—n. We proceed by mathematical induction
to show that for all £ € N with &k = m — n, we have

p)\(umvun) = @A(Un-',-k,un) — 07

as n,m — oo. For the base case k = 1, it follows that py(tm,u,) = @x(Unt1,urn). Based on
Inequality (10), we have

@)\(Urmun) = @)\(un+17un) — 0, asn — o0.
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Thus, the statement holds for £ = 1. Next, assume that the statement holds for k = [, i.e.,
ox (U, Up) = @A (Uptr, un) = 0asn — co. (11)

We now prove that the statement holds for k = [ + 1. For all n,m € N, we have

oA (U, Un) = OA(Ung(141)5 Un) < 8 [p%(u(n+l)+1aun+l) + 93 (Untr, un) | -

Since p satisfies the Ay —type condition, it follows that p also satisfies the Ay —condition. By the
induction hypothesis (11) and the result from (10), we have

p% (un+l,un) — 0 and %(u(n+l)+1aun+l) — 0, as n — oQ.

Therefore, we obtain
p)\(uma un) <s [p% (u(n+l)+17 un+1) + @% (un+l7 un)} — 0, asn — oQ.

Thus, {u,} is p—CS in C. Finally, since C' is p—closed and M, is p—complete, by Proposition 3.2,
C is p—complete. Consequently, there exists w € C such that,

o (up, w) = 0asn — oo.
Using Inequality (8), we obtain
) <5 [p3 (Tw,un) + 9y (un,w)|
e oa(IMw,w) < s%p 2 (ITMw, I'uy,) —1—52@%(Fun7un) +5p%(un,w)
) < [ 2 (w, I'w) +px(un,Fun)}+52pg(lju",un)+5p%(umw)
) < %(w I'w) + s%ka™ px(uo,Fu0)+5 a px(l"uo,uo)

+5 p%(una )
< pa(w, ') fszkp%(w,]“w) < 5%ka™ P2 (ug, I'ug) +52a"p%(Fu0,u0) +5p%(un,w).

As n — oo, the right-hand side converges to 0, yielding the following inequality,
oa(w, I'w) < 5%k (w, ['w). (12)

Iterating this inequality, we get

A
Using Proposition 3.3 for o > 0, there exists K,, > 0 such that,

pﬁ(ugfw) < K,.
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Note that the set {K,|n € N} C {Kx|A > 0} and the set { K|\ > 0} is bounded. Hence, there
exists K > 0 such that,

K, <K, foralln € N.

1
Since k < a2 we have s%k < 1,s0 (s2k) — 0 as n — co. Therefore,
o (w, T'w) < (52k)”p4%(w, T'w) < (s°k)"K — 0, asn — oc. (13)

Now, let v, = I'w for all n € N, we have p)(v,,w) — 0asn — oo. Since p satisfies the
Ay —type condition, which implies that p satisfies the Ay —condition, we conclude that forall A > 0,
o (v, w) — 0as n — oco. Thus, we obtain

px(w, M'w) =0 forall A > 0, (14)

which implies I'w = w. Therefore, I" has at least one FP. O

In [13], a FP theorem for Kannan mapping in MbMS is presented under the condition that
the constant s > 1 satisfies the MbMS properties and that k satisfies the conditions for Kannan

1
mappings, with the additional requirement that sk < —. Furthermore, it is assumed that there

exists u € M, with py (u, 'u) < oo. It is important to note that the definitions of convergence and
Cauchy sequences in may differ from those in other metric spaces. To address this, we present
a similar theorem that applies the A,—type condition, which is particularly suited to the MbMS
framework.

Theorem 4.1. Let MY, be a p—bounded and p—complete MbMS such that o satisfies the As—type con-
1
dition. Suppose T : M, — I is a mapping satisfying the condition in (8), with k € {O, 52) and

A > 0. Further, assume that the set {Kx|\ > 0}, where K satisfies Inequality (6), is bounded. Then, I
has a unique FP v € 9 for all u € 9IN?, the sequence {I'"u} p—convergent to v. Furthermore, for all
n € NU {0}, we have

k n
ox(I T tu,v) <k (1]{:) oa(u, Iu).
Proof. Let u be an arbitrary element of M,. Define w = I'u, then we have

px(w, T'w) = px(Iu, F'w) < k[pa(u, I'u) + px(w, ['w)] .

Thus, it follows that,

px(w, I'w) < o (u, I'u). (15)

1-k

Since k € {0 ! , it follows that

o) 1% € [0,1). Next, let ug € M. Define the sequence {u, } by

setting w, 11 = I'u, foralln € NU{0}. By Proposition 3.1, since M, is p—complete and  satisfies
the Ay —condition, we conclude that M, is p—closed. Using Lemma 4.1 and Inequality (15), there
exists a point v € MY, such that the sequence {u,} p—converges to v and I'v = v. Next, suppose
there exists z € Mg, such that I'z = z. Then,

0 < palz,v) = pa(I'z, I'v) < klpa(z, I'2) + pr(v, ['v)] =0,
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which implies gy (z,v) = 0. Since g satisfies the Ay —type condition, and following an argument
analogous to the proof of (14), we conclude that I'v = v. Thus, I" has a unique FP. Furthermore,
forall u 93?;, we have

pA(F”Hu, I'u) < pA(F”_lu, I'u),

1-k
and consequently,

ox(Imu,v) <k [p,\(F”u, I ) + oa(v, I'v)]

k
: pk(lmflu, I'u)

k

<k <1_k)n pa(u, I'u),n € NU {0}.

Following [15] and [17], we give the following theorem.

Theorem 4.2. Let M, be a MbMS and let I' : 9N, — 9N be a mapping such that there exists A > 0 for
which for all u,v € M, with u # v, the following inequality holds,

pa(Fu, I'v) < %{p,\(u,Fv) +pa(v, I'v)}. (16)

If I has a FP, then M, is p—complete.

Proof. Suppose 90}, is not p—complete. Then, there exists a p—CS {u,, } C 9N, thatis not p—convergent.
Without loss of generality (briefly w.l.o.g.), assume that each term in {u,, } is distinct.

Let A = {u, : n € N}. Since {u,} is a p—CS, for every ¢ > 0, there exists n. € N such that
oA (Un, um) < € forall n,m € N with n, m > n.. However, since {u,, } does not p—converge in 0¥,
we have p (u, A) > 0 for all u € M, — A. Next, let z € M. We examine the following two cases:

o Ifuc ME, — A, then %p)\(u, A) > 0. Since {u,, } is a p—CS, then there exists n,, € N such that
for all m € N with m > n,,,

1
(25 (uma Unu) < 5@)\ (u, A)
Therefore, we obtain

1
@A(umvunu) < §@>\(uaun)- (17)

o Ifu € A, then u = u,, for some ng € N. Since all terms of the sequence {u,, } are distinct, we
1
have ipA (Un, Uny) > 0 for n # ng. Furthermore, since {u,,} is a p—CS, there exists nj, € N
with ng, > ng such that for all m € N with m > nj,

1
oA (tms tny ) < 50 (Uns tn, )- (18)
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Based on Inequalities (17) and (18), we define a mapping I" : M, — 97 by,

Iy = ) U if weM;—A,
Uy, if w€ Aand u = up,.

First, we show that I" does not have a FP, i.e. for all u € me, px(u, I'u) > 0. Letu € M. Then, we
consider two cases, specifically u € M7, — Aoru € A:

o Ifu € M — A, then I'u = u,,. From Inequality (17), we obtain that for all m € N with
m > My,

1 1
pA(um,un“) < ip)\(u’ unu) = 5@)\(11, FU)
Therefore,

PA(u, I'u) > 205 (U, tn,, ) = 0.

o If u € A, then u = u,, for some ny € N, and I'u = u,;. By applying Inequality (18), we
obtain

1 1
p)\(um7un(’]) < 7@)\(’“’7167’“””0) = 5@)\([‘”7’“)

2
Thus, it follows that,
oAU, I'u) > 205 (Um, uny) > 0.
Thus, we conclude that I" does not have a FP. Next, we will show that I" satisfies Inequality

(16). Let u,v € M, with u # v,

o Ifu,v e me, — A, then I'u = u,, and I'v = v,,. W.lo.g.,, assume that n, > n,. From
Inequality (17), we obtain

1 1
OA(T T'0) = A (tn,  0n,) < 59A(us1tn,) = 502 (, T, (19)

o Ifu,v € A, then u = u,, and v = vy, for some ng,my € N. Therefore, we have I'u = Upy
and I'v = v,,;. Wlo.g., assume that my > ny. By using Inequality (18), we get

1 1
p)\(FU, FU) = p/\(ungvvm{,) < ipk(un{ﬂuno) = ipk(u?Fu)' (20)

o Ifue mg, — A and v € A, then v = u,,, for some ny € N, such that I'u = u,,, and I'v = Upy -
If ny, > n,, then by using Inequality (17), we obtain

1 1
oA(['u, I'v) = pk(“n&“m) < 5@)\(’&, Up,) = 5@)\(“7 I'u). (21)
If n,, > n{, then by applying Inequality (18), we get

1 1
p/\(unu’un{)) < ip)\(un{,auno) = 5@>\(U7 Fv)' (22)

Thus, from Inequalities (19), (20), (21), (22), it follows that I" satisfies Inequality (16). So, there
is a contradiction. This leads to a contradiction, which implies that O, must be p—complete. O
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4.2 Some theorems using subadditive altering distance function

Now, we give a theorem based on [16], [17], and [29].

Theorem 4.3. Let 9, be a p—bounded and p—complete MDMS such that o satisfies the Ay —type condi-
tion. Suppose that I' - I, — M, is a mapping such that there exists A > 0, a subadditive altering distance
function U, and nonnegative numbers py, pa, p3 with py + 5(p2 + p3) < 1, such that for all u,v € M7,

O(pa(I'u, I'v)) < prO(palu, I'v)) + pal(pa(v, I'v)) + psB(pa(u, v)). (23)

Further, assume that the set {Kx|\ > 0}, where K satisfies Inequality (6), is bounded. Then, I" has a

unique FP z € I, such that the sequence {I"™u} p—converges to z, and there exists p = pfﬂ €10,1)
1

such that,

(I, I™u) < p"pa(u, Tu),n € N U{0}.

Proof. Let u € M, be an arbitrary element and define the iteration sequence {I"u}. Based on
Inequality (23), we obtain for alln € N,
U(pA(FnJrlu’Fnu) < plU(p)\(Fnua FnJrlu)
+ paO(pa (I Y, I™u) 4+ p3G(pa (I u, I u)
& (1= p1)O(pa (I u, IMu) < (p2 + ps)O(pa(I™ ™~ u, TMu).

Thus, it follows that,

< P2 + p3

O (oA (", M) < ==

O (pa(I™ tu, IMu)) (24)

P2 + P3

By taking ¢ = 1 , we know that p € [0,1) and for all n € N, we obtain

Opr(I™u, I'™u)) < q U (a1 'u, M) (25)
Now, applying Proposition 2.2, there exists ¢’ € [0,1), such thatn € N,
ox(I" Ty, Iu) < ¢/ o (I, ). (26)
Without loss of generality, assume that ¢ = ¢’. Therefore, for all n € N U {0}, we have
ox (I, Iu) < ¢"px(u, T'u). (27)
Since p € [0, 1), it follows that ¢" — 0 as n — oo, implying,
ox(I Ty, I™u) =0,  asn — oo.
Next, let m,n € N such that m > n. If m = n + 1, then we have
ox (I, I'™u) = px (M, IMu) < 59%(F"+1u, I'u).
If m = n + 2, then,

@A(qua ]—vnu) _ gJ)\(Fn+2u, Fnu)
< spa (I 2y, Iy + spa (I u, IMu)
< 5205 ("2, I lu) + s (P, ).
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If m = n + 3, then,
ox(I™u, ™) = o\ (I3, I™u)
< spa (I"FPu, I ) + sp (4, M)
< szp%(lm'mu, I2y) +52p% (™2, ) —I—sp%(F”Hu, I'u)
< 53p§ (L™, IF2u) + 5% 00 (02, T ) + 5oy (D", IMa).

If the process continues for all m,n € N such that m > n, we obtain

ox(I™Mu, T™u) < 5™ "o s (I™u, I™ tu) 4 - +52p% (™ 2y, Iy +5p%(F"+1u, I'u).

om—n

Thus, based on Inequality (27), it follows that,

ox(I™Mu, I'u) < s™ g™ Yo s (u,Tu)+ - +52¢" " pa (u, T'u) + s¢"px (u, T'u).
4 2

om—n

A AoA
<<y < g using (3), we get

Furthermore, since om < gm 1

Note that 0 < sq < 1, so it follows that,

oIy, I'Mu) < T—og®z

By an argument analogous to the proof of (13), there exists K > 0 such that,

2.n
57" K
p%m(u,l“u)g - foralln € N.
As a result, we conclude that,
ox(I'Mu, I'"u) -0, asm,n — oo.

Thus, the sequence {/"u} is a p—CS in 97. Since M, is p—complete, there exists z € M}, such
that py(I™u, 2) — 0 as n — co. To show that z is a FP, we need to show U(py (' 1u, I'z)) — 0 as
n — co. Based on Inequality (23), we obtain

B(pa (I, I2)) < prO(pa(I™u, T ) + pol (pa(z, I'2)) + pal(pa(l™u, 2))
< p1O(pa (I, T 1)) + ol (5 [p%z, [ lu) + oy (I, FZ)D
+ p3U(pa(I"u, 2))
< p1O(pa (I u, I 1)) + spo0 (p%(z, F”*lu)> +5p20 (p%(l“”“u, Fz))
+ p3U(pA(I™u, 2)).
Thus, we have

U(@)\(F”Hu,]“z)) —5p0 (@%(I‘”“u, Fz)) < plU(@A(F”u,F"Hu))

+ 5p 0 (p% (z, F”Hu)) + p30(pA(IMu, 2)).
(28)
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Since U is an altering distance function and ("™ u, z) — 0 as n — oo, it follows that,
O(pr(IMu, z)) — 0, asn — oo.
Also, since g satisfies the Ay —condition and p) (I'™u, z) — 0 as n — oo, we conclude that,
p%(F"u, z) =0, asn— co.

Therefore, we have

) (p%(F"u, z)) —0, asn— oo.
From Inequality (28), we get

B(oA(I" 1, T2) — 5pa0(p3 (1", T2)) < prlS{or (s, T ) + 5920 (3 (2, 77 )
+ p3O(pxr(IMu,2)) = 0, asn — oo.
Hence, it follows that,
B(px(IMu, T'2)) < sps00 (p%(F"“u, Fz)) .

Using this, we obtain

Again, by an argument analogous to the proof of (13), there exists K > 0 such that,
B (px (™, I'2)) < (5p2)"0 (p%n (1", Fz)) < (spo)"K, foralln e N.
Since spy € [0, 1), it follows that,
U (pa(IMu, I'z)) < (sp2)"K — 0, asn — oc. (29)
Furthermore, since p satisfies the As;—condition, we conclude
U(p%(F”u,Fz))%O, as n — oo.
As a result, we have
U (pa(z,I'z)) <sO (p%(F”J“lu, Z)) + 50 (p% (I, Fz)) —0, asn— oo.

Thus, G(pa(z,I'z)) = 0. So, it follows that p,(z, I'z) = 0. Since g satisfies the Ay —condition, then
I'z = 2. Next, suppose w, z € M, are two different fixed points of I". Note that,

U(@/\(wv Z)) < plU<@/\(w’ Fw)) +p26(@)\(2, FZ)) +p3U(p>\(w,z)) < p3U(@>\(w’2))a

so p3 > 1. This leads to a contradiction. Therefore, it is true that z is a unique FP of I". O

71



A. Hayati et al. Malaysian J. Math. Sci. 20(1): 57-82(2026) 57 - 82

Furthermore, we also give the following theorem using subadditive altering distance function.
Theorem 4.4. Let (9N, p) be a MbMS and I' : I, — M, be a mapping such that there exists A > 0, a

1
subadditive altering distance function U, and p € (0, 5+1> satisfying

O(pa(I'u, I'v)) < p{G(pa(u, I'u)) + B(pa(v, I'v)) + B(pa(u,v))}, (30)

forall u,v € I If I has a FP, then M, is p—complete.
Proof. The proof is analogous to Theorem 4.2. O

Now, we give the following theorem.

Theorem 4.5. Let 9N, be a p—bounded MbMS such that ¢ satisfies the Ay —type condition. Assume that
the set { Kx|\ > 0}, where K satisfies Inequality (6), is bounded. If I' : Iy, — I is a mapping such

1
that there exists A > O and p € {0, ), subadditive altering distance function U such that,
s

O(pa(lu, I'v)) < p{O(pa(u, I'u)) + B(pa(v, I'v))}, (31)

forall u,v € Dﬁ%, then I has a unique FP z € 9N, for all w € M, { " u} p—convergent to z € I, and
= 1
for some q T €1[0,1),

A", 2) < ¢"pa(u, ), n e NU {0},

Proof. Letube an arbitrary element in 2. By taking w = I'u and using Inequality (31), we obtain

O(pa(w, F'w)) = B(pa(I'u, I'w))
& Opa(w, I'v)) < p{O(pa(u, 'v)) + B(pa(w, ['w))}
& (1= p)B(pa(w, I'w)) < U(m(u I'u))
& O(pa(w, ['w)) < — > O(pa(w, I'w)).

1
Since p € {0, 5) , we define ¢ = %, which implies ¢ € [0,1). Consequently,
-p

B(pa(w, I'w)) < q B(pa(w, T'w)). (32)
By applying Proposition 2.2 and noting that Inequality (32) satisfies Inequality (4), it follows that,
oa(w, I'w) < ¢ px(w, I'w),  forsome g’ € (0,1). (33)
W.lo.g., we can assume that ¢’ = ¢.
Next, let be ug € 9N an arbitrary element. Consider the sequence {u,, } defined by,
Upt1 = T'u,, neNU{0}.
We will show that {u,,} is a p—CS. Let m,n € N U {0} such that m > n. If m = n + 1, then,

PA(tn, tm) = 2 (Un, tny1) < 892 (Un, Uny1).

72



A. Hayati et al. Malaysian ]. Math. Sci. 20(1): 57-82(2026) 57 - 82

If m =n+ 2, then,
(2D (una u'rn) = Px (una un+2)

<s p%(un,un+1) + o2 (Unt1, Unt2)
+

n
W

92 (Unt1, Unt1) + @%(unﬂ,unu)”

A

4
% (un+1, Un+2)-
2

I
23
>
— [¥]
<
3
S
3
+
—
~—

If m = n + 3, then,
(DN (unv um) (DN (una Un+3)

[px Un Unt1) + 92 (Unt1; Un3)

—

[@A Up, Unt1) +5 [0 (Un+1aun+2)+@g(un+2,un+3)n

A
4
@%(unvun-l—l) +5 @%(un—klvun—i&) +53@2A3(un+27un+3)-

Continuing this process for all m,n € N U {0} such that m > n, we have

A (tin, Um) < 593 (tn, Uns1) + 8% 3 (Un g1, tng2) £+ 8" 7703 (U1, Um).

Using Inequality (31), we have
O(pa(ur, uz)) = O(pa(IMuo, I'ur))
< p[O(pa(uo, I'uo)) + O(pa(ur, 'ur))] .-
By applying the same approach as in Inequality (33), it follows that,
Pa(u1,u2) < qpa(uo, M'ug).
Similarly, we also have
oa(uz,uz) < gpa(ur, uz),
and by iteration, we obtain
(2, uz) < qpa(ur,uz) < ¢°p(uo, o).
Continuing this process for all n € N, we have
oA (Un, Un1) < ¢"pa(uo, IM'ug).

Now, using Inequality (34) for all m,n € N, we have

oA (ttn U ) < 503 (tn, Un1) + 570 3 (Uns1,Ung2) + o+ 8" 7"0 3 (o1, m)

om—n

< sq" (N (ug, I'ug) + 52 ”+1p2%(u0, Tug) + -+ +5m gy _ (ug, Tug).

2m—

A A
Furth i o
urthermore, since o < m—n 22
follows that,

o (tn, um) < 8¢"pa (uo, I'ug) +52qn+1p4(u0, Fug) 4+ +8"7"¢" o (ug, I'ug)

am—n

(34)

< < A < % for all m,n € N and using Inequality (3), it

<5%¢"p s (uo, I'ug) + 6° n+1@2¢n (uo, M'ug) + -+ +5m_"+1qm_1@%(uo, T'ug)

< q" o (uo, I'uo)((59)” + (sq)° + -+ + (s¢)™ ")
< q" o (uo, I'ug)((59)* + (sq)> + -+ ).
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1
Since p € {0, 25) , it follows that sq € [0, 1). Therefore, for all m,n € N,

2.n

S
oA (Un, um) < _q5

o, (wo, I'ug).

By an argument analogous to the proof of (13), there exists K > 0 such that,

52" K
n>Um) < , for all m,n € N.
@/\(U u)_l—sq m,n
Finally, since ¢ € [0, 1), it follows that,
pk(unaum) — 0, as m,n — oQ.

Hence, the sequence {u,} is a p—CS. Using the completeness of I}, there exists z € M, such
that pj (un, z) — 0 as n = co. Consequently, we have

O(pa(un,2)) =0, asn — oo.
It is easy to show that foralln € N,
oa(Iz,2) < 5p%(Fz,Fun) —l—szp%(Fumun) +52p%(un,z).

without loss of generality, assume that s a positive integer. Using the properties of subadditive
altering distance functions, we get

U(pr(l'z,2)) <O (sp% (I'z, Tuy,) —|—52pg (D, up) + A (Up, 2 )
<s0 (p%(f’z, Fun)) + 5°0 (px(Fun,un)) +5QU (p%(un, )) .

Then, using Inequality (31), we have

>

4

A
(§) (p%(z,Fz)) +0 (px (U, Tuyp) )} +5°0 (p% Tuy,,uy, ) + 5%0 (p (un,z)>
< s5p0 (p%(z, Fz)) —|—spU< o (un, Tuy ) + 520 (p% I'u,,u, ) + 520 (@%(umz))
(

p%(z, Fz)) +s2p0 ( pa( un,un+1)) + 520 (p% Uy, Upt1 ) + 520 (p%(un,z))

4

(35)
Since g satisfies the Ay—condition and gy (un, z) — 0, P (Um, un) — 0 as m,n — oo, we have
p%(un,z)—>0 and p%(um,un)ﬁo, as m,n — oo.
Consequently,
(§) (@%(un,z)) —-0 and O (@%(um,un)) — 0, as m,n — oo.
From (35), it follows that for n — oo,
O(pa(I'z, 2)) — spU (@g(z, Fz)) ) (p%(umuwﬂ))

+520 (p%(un,un+1)> + 520 (p%(un, z)) 0.

74



A. Hayati et al. Malaysian ]. Math. Sci. 20(1): 57-82(2026) 57 - 82

Thus,
B(pa(I'z, 2)) < sp0 (@%(z,Fz)) .
Using an argument analogous to the proof of (29), there exists K > 0 such that,
U(pa(I'z,2)) < (sp)"K, foralln € N.
Since sp € [0, 1), we have
U(pa(l'z,2)) — 0, asn — oo.

This implies U(px(['z,2)) = 0, and therefore p)(I'z,z) = 0. By Ay—condition, I'z = z. So, z is
a FP of I". Now, we show the uniqueness of the FP. Suppose w € 9, such that I'w = w. Using
Inequality (31),

O(pa(w, 2)) = O(pa(l'w, I'z)) < p{O(pa(w, 'w)) + O (pa(z, I'2))} = 0.

Thus, p)(w, z) = 0. By the Ay—condition, then w = z. Hence, z is a unique FP of I". Furthermore,
a sequence {I"u} is defined. Using Inequality (31), we get

O (pr (I, ™)) < q U (o (" 'u, IMu)),  foralln € N.
Based on Proposition 2.2, it follows that,
ox (I, IMu) < g oy (I ', I™u),  foralln € N.
Thus, we have
ox (I, ') < ¢" oy (u, T'u),  foralln € N.
Since ¢ € [0,1), we have py (I 1u, I'u) — 0, as n — oo. Using Inequality (31) foralln € N,
U (pa (I, 2)) < p U (pa (FMu, M) .
As a result, we have
O (pr (IM*1u,2)) =0,  asn— oo.

Thus, px (I "'y, 2) — 0 as n — oco. In other words, {I™u} p—convergent to . O

Furthermore, we also give the following theorem.
Theorem 4.6. Let 9, be a MDMS such that o satisfies the Ay —condition. If I' : 9¢, — O satisfies the

1
condition given in (31) with p € (0, 5), then N, is p—complete.

Proof. The proof follows analogousy to that of Theorem 4.2. O

The following theorem is based on the results from [17] where the 2, is assumed p—boundedly
compact. In this theorem, the parameter p, which satisfies Inequality (31), is independent of the
coefficient s that satisfies Axiom (B3) in Definition 2.3. The MbM g is sufficient to satisfy the
Ay —condition, it does not need to satisfy the Ay —type condition. Thus, the boundedness of the

set {K»|A > 0} in (7) is not required.
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Theorem 4.7. Let M, be a p—boundedly compact MbMS where ¢ satisfies the Ay —condition.
1
If I' - O, — M is a p—continuous mapping satisfying (31) with p € {O, 2), then I" has a unique FP
w € M. Moreover, for any ug € M, the sequence { Mg} p—converges to w.
Proof. Let ug be an element of M}, and define a sequence {u,, } by,
Uy, = IMug, foralln € N.

For any n € N, let i,, = @ (tn, Up+1). Assume p,, > 0 for all n € N. From (31), we have

(1—=p) 0 (un) <pU(tin-1), forallneN.
1
Since p € {0, 2) , it follows that p < 1 — p, which implies,

PO (pn) < pO (p—1), foralln e N.
Because U is strictly increasing, it follows that,
tn < fhn—1, foralln € N.

Thus, {u, } is a decreasing sequence of positive numbers. Therefore, there exists a limit ¢ > 0 such
that,

lim p, = p.
n—o0

Next, note that for all n, m € N with m > n, we have

U (o (U, un)) < p {0 (pa (Fm_luo,quo)) + U (pa (F"_luo,lmuo))}
=p{0(Am-1) + B (An-1)}-

By the continuity of U, as n, m — oo, it follows that,
O (pa (tm, un)) < p{O (1) + 0 (1)} = 2p0 () .
) 1
Since p < 5 we have

U (pr (Um, upn)) <O (), forallm,n e N.
Using the strictly increasing property of U, this implies,
ox (U, un) < p, for all m,n € N.

In other words, {u,} is p—bounded sequence. Since 91, is p—boundedly compact, there exists a
subsequence {u,, } that p—converges. That is, there exist w € 2}, such that,

o (U, w) =0, ask — oco.
Using the continuity of I", we have

ox (T, T'w) =0,  ask — oo.
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Since g satisfies the As—condition, it follows that,
(2 (tup,,w) =0, and (N (lup,,, F'w) =0, ask — oco.

Consequently, we obtain
ox (T'w,w) <s {p (I'w, l'up,,) + 92 (Funk,w)}

<slp

[N

(Fw,Funk)—i—p% (unkﬂ,w)} — 0, as k — oo.

[N

This implies that py (I"w,w) = 0. Furthermore, since p satisfies the Ay—condition, we conclude
that I'w = w. In other words, w is a FP of I'. By analogy with the proof of the uniqueness of the
FP in Theorem 4.5, it follows that w is the unique FP of I". O

Garai et al. [15] introduced the concept of I'—orbitally compact metric spaces and established
a FP theorem for such spaces. Subsequently, Haokip and Goswami [17] extended the definition
of I'—orbitally compact to b—metric spaces. Based on these ideas, the concept of I'—orbitally
compactness can be further extended as follows;

Definition 4.1. Let 0¥, bea MbMS and let I" : M7, — INT, be a mapping. The orbit of I' is defined as the
set,

O () = {u, 'y, Iu,...}.

*

The space N, is said to be I'—orbitally compact if for every u € M,

p—convergent subsequence.

each sequence in O, (I') has a

Now, we give theorems where the MbMS 907, is I'—orbitally compact, based on the work in
[17], as follows;

Theorem 4.8. Let M, be a I'—orbitally compact and p—bounded MbMS, where o satisfies the Ao —type
condition. Assume that the set { K|\ > 0}, where K satisfies Inequality (6), is bounded.

IfI' : M, — O is a mapping satisfying (31) with p € [0, ;) and sp € (0,1), then I" has a unique FP

w € ME. Moreover, for all u € g, we have oy (I'u,w) — 04as n — oo.

Proof. Let u be an element of M} Consider the sequence {u, } defined by,
Uy = IMu, foralln € N.

Next, let p, = o (Un, un+1). Analogous to the procedure in Theorem 4.7, we get that {u,,} is a
decreasing sequence of nonnegative real numbers. Therefore, there exists a limit y € [0, c0) such
that,

Hn — [,  asm — oo. (36)

On the other hand, by using the I'—orbital compactness of M, the given sequence {u,} has a
subsequence {u,, } that is p—convergent. That is, there exists w € 9T}, such that,

o (U, w) =0, ask — co. (37)
Furthermore, since p satisfies the Ay —condition, we have

P (un,,w) =0, ask— oo.
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As a result, it follows that,
©x (Uny, Uny 1) < 8[Pa (un,, w) + 9 (W, Un,11)] =0, ask — oo.
Thus, we obtain
fn,, — 0, as k — oo. (38)

From (36) and (38), we conclude that ¢ = 0, which implies,

ox (Up,Upt1) — 0,  asn — oo. (39)
or equivalently, i,, — 0 as n — co. Furthermore, we have

O (pn) — 0, asn— oo.

Next, using Inequality (31), we obtain

U (o (tns um)) < p{O (pa (I 'u, IMu)) + 8 (pa (I 'u, ™))}
=0 (1) + O (tm-1)}-

As a result, using the continuity of U and U (t) = 0 < ¢ = 0, we have
U (px (un,um)) = 0,  asn,m — oo,
which implies,
ox (U, Up,) — 0,  asmn,m — oo.
Thus, {u,} is p—CS. Furthermore, it follows that,
o (Un,w) <s [p% (Un, Un,, ) + 2 (unk,w)} —0, asn — oo. (40)

This shows that {u,,} p—converges to w. Note that for all n € N, we have

pr (w0, Tw) < 5 [0y (0, un11) + 0y (nir, Tw)]
which leads to

)+ 03 (ns1, Tw)))

<50 (@% W, Up g1 ) + 50 (px (I, Fw))
<50 (p W, U g1 ) + sp[0 (p% (I ug, "1 uo)) +0 (p% (w,Fw))]

=50 (px (w,unH)) + spU (p% (un,un+1)) + spU (p% (w, Fw)) )

2

O (pa (w, ) < 6 (sl (.

w\y

Since g satisfies the Ay—condition and @y (u,,w) — 0, and @ (tn, uy,) — 0asn,m — oo, we
have

92 (Up,w) =0  and (N (Uny Upn) — 0, asn,m — oo.
Furthermore, since U is continuous, it follows that,

(8} (p% (un,w)) -0 and U (p% (un,um)) — 0, asn,m — oo.
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As a result, we obtain
O (o (w, Tw)) = 5p0 (py (w, Tw) ) < 56 (py (w,un1)) + 550 (9 (unsuni1)) =0, asn = ox,
which implies,
U (px (w, 'w)) <sp U (p% (w,Fw)) .
Using an argument analogous to the proof of (29), there exists K > 0 such that,
O (px (w, Tw)) < (sp)" O (pi (w, rw)) < (sp)" K, forallneN.
Since sp € [0, 1), this implies,
U (px (w, I'w)) — 0, asn — oo.

Therefore, we conclude that U (p) (w, I'w)) = 0. Since U (u) = 0 < u = 0, we have p) (w, ['w) = 0.
Based on the A;—condition property of g, we get I'w = w. Hence, w is a FP of I'. Finally, by
analogy with the proof of the uniqueness of the FP in Theorem 4.5, we conclude that w is the
unique FP of I. O

1
In the previous discussion, Theorem 4.5 does not hold for p > —. Haokip and Goswami [17]

provided a theorem in b—metric space, where they extended the bound on p by assuming that I"
is asymptotically regular. The concept of asymptotically regular was introduced by Browder [6].
Now, we define the concept of an asymptotically regular mapping in 917, as follows.

l?leﬁnit;;n 4.2. Let M, be a MbMS. A mapping I' : I, — DM, is said to be asymptotically regular if for
all u € M
p/

ox (IMu, I u) =0,  asn — .

The following theorem is based on the work of Haokip and Goswami [17], where the mapping
I 9, — D is asymptotically regular in a complete and bounded MbMS 93¢,

Theorem 4.9. Let 97, be a p—complete and p—bounded MbMS such that o satisfies the Ay —type condi-
tion. Assume that the set { K|\ > 0}, where K satisfies Inequality (6), is bounded. If I' : M, — IN7,
is an asymptotically regular mapping satisfying (31) with p > 0 and sp € [0, 1), then I" has a unique FP.

Proof. Let u be an element in M;,. Consider the sequence {u,, } defined by,
Uy, = I'Mu, foralln € N.
Based on Inequality (31), we obtain
(§) (p,\ (F"+1u, F’"Hu)) < p|O (pA (F"u, ['”'Hu)) +0 (@\ (F'mu, [’m“u))].
Since I is asymptotically regular, we have
U(p,\ (F”'Hu, Fm+1u)) — 0, asn,m — oo.
Moreover, since U satisfies conditions (i) and (iii) in Definition 2.2, it follows that,

©x (F"Hu, FmHu) — 0, asn,m — oo.

*

In other words, {u,} is a p—CS. By the completeness of M},

there exists a point w € M7, such that,
o (Up,w) = 0, asn — oo.

The next step of proving that w is the unique FP of I" follows analogously from the argument in
Theorem 4.8. O
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5 Discussion

In this paper, the definitions of convergent and Cauchy sequence differ from those presented in
[13]. Consequently, we require the MbM to satisfy either the A, —type condition or the A, —condi-
tion. This distinction aims to provide a deeper understanding of the topology in MbMS, particu-
larly regarding the properties of closed sets in complete MbMS. Moreover, throughout the proof
process, some inequalities can be satisfied using the A, —type condition. Therefore, we encourage
readers to explore the application of the theorems with this understanding in mind.
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